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ABSTRACT
CRACK PROPAGATION IN ALUMINUM SHEETS 
REINFORCED WITH BORON-EPOXY
George Lawrence Roderick 
Old Dominion U niversity , 1978 
D irector: Dr. Earl A. Thornton
The lite ra tu re  has shown that crack propagation in cracked 
metal sheets can be s ig n ific a n tly  reduced by bonding an uncracked 
reinforcement to the metal sheet. However, cyclic  debonding ty p ic a lly  
occurs over a localized area near the crack. Herein, an analysis was 
developed to predict both the crack growth and debond growth in a 
reinforced system. The analysis was based on the use of complex 
variable Green's functions fo r cracked, isotrop ic sheets and uncracked 
orthotropic sheets to calculate inplane and interlam inar stresses, 
stress in ten s ities  and strain-energy-release rates. An ite ra tiv e  
solution was developed that used the stress in ten s ities  and s tra in - 
energy-release rates to predict crack and debond growths, respectively  
on a cycle-by-cycle basis. The analysis was v e rifie d  with experiments 
The analysis was used in a parametric study of the effects  of 
boron-epoxy composite reinforcement on crack propagation in aluminum 
sheets. The study showed that the size o f the debond area has a 
s ign ifican t e ffe c t on the crack propagation in the aluminum. For 
small debond areas the crack propagation rate  is reduced s ig n ific a n tly
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but these small debonds have a strong tendency to enlarge. Debond 
growth is most l ik e ly  to occur in  reinforced systems that have a 
cracked metal sheet reinforced with a re la tiv e ly  thin composite sheet.
The analysis predicts crack growth in reinforced systems.
Hence, the analysis can be applied in developing methods to repair 
damaged metal structure and to increase the lives and payloads o f metal 
structures by selective reinforcement.
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CHAPTER I
THE USE OF COMPOSITE REINFORCEMENT 
TO PREVENT FATIGUE FAILURE IN AIRCRAFT
A potential cause of a irc ra ft  crashes is  fatigue fa ilu re . As 
shown by Hardrath (1971), most types of c iv il  a irc ra ft  have experienced 
some form of fatigue problem. In addition Lowndes and M ille r  (1969) 
indicate that fatigue fa ilu res  have frequently occurred in m ilita ry  
a irc ra ft , In some cases the fatigue fa ilu res  led to loss of lives and 
the a irc ra ft . In e ffo rts  to elim inate such fa ilu res , both government 
research laboratories and a irc ra ft  manufacturers have studied the 
fatigue fa ilu re  process in depth. These studies showed that the rate  
at which the fatigue damage develops in metals is a function of the 
stress level in the structure and occurs in three stages: crack
in it ia t io n , stable crack propagation, and unstable crack propagation 
(catastrophic fa ilu re ) .  Although a irc ra ft  structures can be designed 
to have stresses low enough to prevent fatigue fa ilu re s , the weight 
penalty would be enormous and would make the a irc ra ft  uneconomical 
to operate. Hence, a trad e -o ff exists between low stresses and low 
weight, and weight e ff ic ie n t structures w ill almost always have 
stresses high enough to support fatigue damage accumulation.
Fatigue cracks in it ia te  at local stress concentrations in the 
structure. The local stress concentrations may be caused by poor
1
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fatigue design, by manufacturing defects in the m ateria l, or by damage 
caused by the f l ig h t  environment. Although methods can be employed to 
reduce the occurrence of fatigue crack in it ia t io n , the development of 
such cracks seems almost inevitab le .
Once a crack in it ia te s  i t  grows a t a stable rate u n til i t  reaches 
some predictable, c r it ic a l length a fte r  which catastrophic fa ilu re  follows. 
Fortunately, in aluminum a irc ra ft  structures the c r it ic a l crack length 
is large and the crack is easy to detect long before i t  reaches a 
c r it ic a l length. Consequently, fatigue cracks can be tolerated in 
an a irc ra ft  structure as long as the structure is inspected period ically  
to locate cracks before they become c r i t ic a l .  Of course, once the 
crack is detected i t  must be repaired before i t  becomes c r i t ic a l .  The 
repair can be made by e ither replacing the component or by repairing  
i t  in s itu . Because replacing a component may involve high cost ar.d 
keep the a irc ra ft  out of service for extended periods of time, repa ir­
ing the component in s itu  is frequently very desirable.
B asically , a fatigue crack can be repaired by reducing the stress 
state in the v ic in ity  of the crack t ip . One method of reducing the 
stress state is to reinforce the crack with unidirectional composite 
(fibers  are perpendicular to plane of crack). The composite re inforce­
ment reduces the stress state  near the crack t ip  by two mechanisms.
F irs t, adding the composite reinforcement lowers the overall stress in 
the cracked metal by increasing the cross-sectional area and by 
providing an a lte rn a te , s t i f f e r  load path by v irtu e  of the high 
modulus of the composite. This reduction in stress can be easily
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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calculated by simple strength of materials theory and, hence, is 
easy to investigate. The second mechanism comes from the development 
of stresses between the metal and composite adherends. Several papers 
(Kula et al 1973, E llis  1976, Johnston and Stratton 1975, Ratwani 1977) 
have shown that these interlam inar stresses have a profound e ffec t on 
crack propagation. These interlam inar stresses reduce the stresses 
near the crack t ip  and, consequently, retard its  growth. As w ill be 
shown la te r , the investigation o f these interlam inar stresses requires 
a much more extensive analysis than that provided by strength of 
materials theory.
Consequently, a need exists fo r the development o f a re a lis t ic  
fatigue analysis that incorporates the effects  of the interlam inar 
stresses. Accordingly, the objective of th is d issertation was to 
develop such an analysis and use i t  to study the effects  of composite 
reinforcement on the fatigue l i f e  of cracked m etallic  structure.
To meet th is  objective the following approach was taken. F irs t ,  
in Chapter I I  the fatigue behavior of the constituents of the reinforced  
system was characterized. Next in Chapter I I I  the fatigue behavior of 
the reinforced system was studied experimentally. Then, in Chapter IV 
with the use of the results of Chapters I I  and I I I  and complex variable  
theory, a s ta tic  analysis was developed that related applied loads, 
adherend thicknesses, debond s ize , and crack length to crack propagation 
rates. Next, in Chapter V the analysis was further developed to predict 
both debond and crack growth as a function of applied load cycles. The 
accuracy o f the analysis was investigated in Chapter V I. F in a lly , in
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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S'
Chapter V II the analysis was used to param etrically study crack 
propagation in reinforced systems.
Throughout the development o f the analysis many items required 
detailed analytica l or experimental investigation. These investigations 
were developed and discussed in several appendices.
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CHAPTER I I
FATIGUE BEHAVIOR OF THE REINFORCED SYSTEM CONSTITUENTS
The reinforced system that w ill be considered herein is composed 
of adherends made out of two d issim ilar m aterials, an aluminum sheet 
and a composite sheet, that are bonded to each other with a re la tiv e ly  
th in , room-temperature curing adhesive, This system is intended to 
model the repair of a cracked, aluminum a irc ra ft  component that is 
repaired by bonding a composite sheet to i t .  Each o f the three 
constituents of the system - the metal, the composite, and the adhesive 
exhibits d iffe re n t fatigue behavior and plays an important ro le in the 
fatigue behavior of the reinforced system. Consequently, to analyze 
the fatigue process in the system, the fatigue behavior of each of the 
constituents needs to be understood. In the following sections the 
fatigue behavior of each o f the constituents w ill be discussed and 
analysis methods formulated.
Fatigue of Metals
As pointed out by Erodogan (1968), the fatigue process in metals 
occurs in three d iffe re n t stages: crack in it ia t io n , stable crack
growth, and unstable crack growth (fra c tu re ). Current a irc ra ft  design 
methods focus on the la t te r  two stages o f the fatigue process by using 
a "Damage Tolerant Design Philosophy" (m ilita ry  specification
5
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MIL-A-83444). This philosophy, as fa r  as fatigue damage accumulation is 
concerned, admits that in i t ia l  flaws such as cracks, ex is t in a irc ra ft  
components that are fatigue c r i t ic a l ,  i . e .  may fa i l  under cyclic loading. 
But, the philosophy also assumes that these in i t ia l  cracks grow stably 
and can be detected during periodic inspections before they reach a 
c r it ic a l crack length. Once the damage is detected, i t  can be repaired. 
Hence, the v a lid ity  of th is  philosophy rests on the accurate prediction  
of crack growth rate and c r it ic a l crack length. Fracture mechanics 
theory can be used to determine both crack growth rate and c r it ic a l  
crack lengths.
Fracture mechanics theory was conceived when G r if f ith  (1921) 
related fracture to an energy balance as the crack extended. In 1957 
Irwin related the stress state at the crack t ip  to fracture . A 
schematic of a crack tip  and equations fo r the stresses very close to 
i t  (Sih and Liebowitz 1968) are shown on figure 1 (additional terms not 
shown in the equations have a negligible e ffec t on the stress state  
near the crack t ip ) .  As may be seen from the equations, as the distance 
from the crack t ip , r ,  approaches zero the stresses become in f in ite .  
Consequently, a t the crack t ip  where the stresses are in f in ite  a 
singu larity  e x is ts J  The coeffic ients of the stress d istrib u tio ns , 
kx and k2 , are the stress in tensity factors which are used 
extensively in fracture mechanics. The Mode I stress in tensity  
designated by ki is associated with the stresses that deform 
the crack surfaces symmetrically with respect to the orig inal plane of
^In re a lity  in f in ite  stresses cannot exist in the material and 
local y ie ld ing of the material occurs. This local y ie ld ing is ignored 
in lin ear e las tic  fracture mechanics.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
crack
Symmetric loading (Mode I )
ki 0 0 30
a.. = ------ -  cos ~  ~ sin -  sin — ] + . . ,
x ( 2r)^  2 2 2
kj 0 0 30
a . =  r  cos -  [1 + sin -  sin — ]+.
( 2r ) '
xy
ki 0 . 0  30
— cos -  s in —cos —  + . . .
(2 r ) '
Skew-symmetric loading (Mode I I )
k2 0 0 30
a  = —------  sin — [2 + cos — cos — ]+ ..
x (2 r)^  2 2 2
k2 0 0 30
a  =  r  sin — cos — cos —  + . . .
y (2 r)^  2 2 2
k2 0 0 30
o =  r  cos -  [1 -  sin -  sin — ] + • ..
xy {2r ) h 2 2 2
Fig. 1. Stress d is trib u tio n  near crack tip
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the crack while the Mode I I  stress in tensity  designated by k2 is 
associated with stresses that cause shear displacements between the 
crack surfaces. In 1960 Sanders showed that the stress in tensities  
were related to the stra in  energy release as the crack extended. Hence, 
the stress state near the crack t ip  was related to the G r if f i th  theory
of frac tu re , and the foundation of fracture mechanics was formed.
The stress in tensities  can be determined from complex stress 
functions determined from the theory o f e la s t ic ity  (Sih and Liebowitz 
1968) as
ki -  ik 2 = 2/2 lim { /z  -  a $ (z )}  ( 1)
z a
where
z = x + iy  and i = / T
and x and y are the cartesian coordinates and $(z) is  the complex 
stress function as developed by Muskhelishvili (1975) that sa tis fies  
the equations (plane stra in  or stress)
ax + ay = 2[$ (z ) + $ (z )] ( 2)
2 iaxy -  ax + ay = 2 [z® '(z ) + Y (z )] (3)
where a ,a and a  are the stresses in the cartesian coordinates x y xy
and v ( z )  is another stress function. The two stress functions are
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functions of both the loading conditions and the configuration of the 
body and w ill be discussed in d eta il in la te r  chapters.
The stress in ten s ities  can be related to both crack propagation 
rates and c r it ic a l crack lengths. On the basis of the G r if f i th  theory 
of frac tu re , a c r it ic a l value o f the s tra in  energy release can be found 
and hence, according to Sanders (1960) a c r it ic a l value of the stress 
in tensity  can be found. For the material used in th is study, 2024-T3 
aluminum, Hudson (1969) showed that the c r it ic a l value fo r k is
56,000 p s i-in '2. Hence, with the use of equation (1) and the appropriate 
stress functions, the fracture  can be predicted.
Cyclic crack growth rates were related to the stress intensity  
by Paris (1961) by the empirical formula
da/dN = C(k )**
i
where da/dN is the crack propagation ra te , C is  am empirical 
constant and k indicates the stress in ten sity  range during cyclic
i
loading. Forman e t al (1967) improved th is equation by including the 
c r it ic a l stress in ten sity  k and the stress ra tio  R, which is 
the ra tio  of the minimum to maximum stress in the loading cycle, 
in the empirical formula
da/dN = -----  — ------------  (4)
(l-R )k  -  k1C i
where c and n are empirical constants and k. = 56,000 p s i- in 2.
i i  1C
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For 2024-T3 aluminum Hudson (1969) showed that the constants c  ̂ and 
have the values
cx = 3.22 x 10"14 
n = 3.38
As the previous discussion im plies, once the stress functions for 
a cracked body are known, the stress in ten s ities  can be calculated.
With the stress in ten sities  both the crack propagation rate and c r it ic a l  
crack length can be predicted. The crack propagation rate and c r it ic a l 
crack length can be used in a Damage Tolerant Design Philosophy to 
predict l i f e  of a irc ra ft  components. The l i f e  is predicted by f i r s t  
assuming that the structure contains cracks. The lengths o f these 
cracks are assumed to be the largest crack detected in the structure  
or the largest crack which can be overlooked due to the resolution  
of the inspection technique. Then, by using the assumed or detected 
crack length and fracture mechanics theory, the number of load cycles 
to fracture can be predicted. On the basis of these calculations, 
inspection in tervals  are determined to assure that cracks can be 
detected and repaired before they reach a c r it ic a l length.
Fatigue of Bonded Systems
To perform a re a lis t ic  fatigue analysis of the reinforced system, 
the fatigue behavior of the adhesive in s itu , herein called the bond, 
must be characterized. Several researchers have shown that the bond 
deteriorates when subjected to a cyclic load. Within this disserta­
tion this deterioration w ill be called debonding. Hoffman and June
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(1973) studied debonding by recording the debond propagation as a func­
tion of applied load cycles. They showed that a myriad of factors 
such as type of adhesive, adherend and adhesive thickness, method of 
curing, and aging a ll  a ffec t the debonding. Roderick et al (1976) 
showed that debonding could occur as fa ilu re  within the adhesive as a 
cohesive fa ilu re , between the adhesive and an adherend as an adhesive 
fa ilu re , or in the composite m aterial. Because of the variety  of 
fa ilu re  modes, the analysis of the debonding is d i f f ic u lt .  The most 
progress in analysis of debonding appears to stem from the energy 
approach developed by G r if f ith  (1921).
The f i r s t  application of the energy approach appears to be by 
Rippling e t al (1964) in the study of fracture toughness of bonded 
jo in ts . Since Rippling's paper, Mostovoy and Ripling have published 
several other papers on fracture toughness of bonds: Mostovoy and 
Rippling 1966, Mostovoy et al 1967, Mostovoy and Rippling 1971. However, 
a correlation between the fracture energy and the stress state near 
the debond tip  has not been made in the bonded systems. Wang et al 
(1976) showed that a primary reason fo r the lack of correlation appears 
to be the development of large regions of p las tic  yield ing in the 
adhesive. Hence, linear e las tic  fracture mechanics based on small 
y ie ld  zones and stress in tensities  at a crack t ip  do not appear 
applicable to bonded systems.
However, by applying an energy approach, Roderick et al (1975) 
showed that the debond propagation rates can be correlated for specimens 
with d iffe re n t thickness adherends with a Paris (1961) type equation
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db/dN = c2(G)n2 (5)
where both c2 and n2 are empirical constants for a specific bond 
system and G is the stra in  energy released as the debond extends.
As shown by Roderick et al (1976), the parameters c2 and 
n2 vary fo r d iffe re n t bonded systems. The bond system used in this  
dissertation was 2024-T3 aluminum bonded to unidirectional boron/epoxy 
with a room temperature curing adhesive, Shell EA-934. For this system 
the empirical constants were determined by methods discussed in 
Appendix A and were found as
c2 = 3.158 x 10“5 
n2 = 3.616
With these constants, a value fo r the stra in  energy release ra te , G, 
and equation (5), the debond growth rate  can be predicted, The 
calculation of G for debonding in the reinforced system w ill be 
discussed in d eta il in Chapter V.
Fatigue of Composite Materials
The term "composite" may re fe r to a myriad o f systems composed 
of a wide spectrum of d iffe re n t types of fibers and matrices. Further­
more, each system may have widely d iffe re n t fatigue characteristics  
depending upon the fib e r  orientations, stacking sequences, and loading 
conditions. Durchlaub and Freeman (1974) showed that fatigue damage 
in composites may occur perpendicular to , p ara lle l to , or a t an
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angle to the loading axis depending upon the fib e r  o rien ta tio n . Foye 
and Baker (1970) showed that the lives  of composite laminates could 
vary as much as an order of magnitude by changing th e ir  stacking 
sequences. Reifsnider et al (1974) showed that changing the frequency 
of the applied cyclic load affects  both the mode of fa ilu re  and the 
fatigue l i f e .  As evident from these observations, the fatigue behavior 
of composite m aterials is complex.
Currently the understanding of the fatigue process in composites 
appears prim itive  although some progress in developing an understanding 
has been made. As pointed out by Sal kind (1973), fatigue fa ilu re  in 
composites can occur in d iffe re n t fa ilu re  modes such as matrix cracking, 
delamination, and f ib e r  fracture . Also, evidence exists th a t suggests 
th a t the fatigue process is a resu lt of prim arily  matrix deterioration  
(Roderick and Whitcomb 1977). I f  matrix deterioration is the primary 
cause of fatigue in composites, then the various fa ilu re  modes could 
be explained in terms of d iffe re n t stress states in the m atrix depend­
ing upon the fib e r  orientation and stacking sequences of a specific  
laminate. Hence, those laminates in which the matrix is highly stressed 
would most lik e ly  degrade under cyclic  load while those laminates in 
which the matrix is lig h t ly  stressed would not.
Following th is  lin e  of thought, composites in which the fibers  
transmit the load, f ib e r  controlled composites, would have long fatigue  
lives while those in which the matrix transmits the load, matrix 
controlled composites, would have short liv e s . An example of a f ib e r  
controlled composite is  a unidirectional laminate loaded along the ax is . 
On the other hand, an example of a matrix controlled laminate is one
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in which the fibers are a t 45° angles to the loading axis. As shown by 
Durchlaub and Freeman (1974), the matrix controlled laminate does degrade 
rapidly under cyclic  loading while the fib e r  controlled laminate does not.
Two basic approaches to predict the diverse fatigue behavior of 
composite materials are currently being developed by researchers. In 
the f i r s t  approach, the laminate behavior is described by a s ta tis tic a l 
model (Halpin e t al 1972) th a t relates the s ta tic  strength and fatigue  
l i f e  d istributions by assuming that the residual strength of the 
laminates degrades monotonically (Yang and Liu 1977). Because this  
method is based on experimental resu lts , i t  can be applied easily .
However, i t  does not apply to laminates whose residual strength does
2
not decrease monotonically with applied load cycles. Also, this  
method requires extensive testing every time the stacking sequence or 
f ib e r  orientation changes.
The second approach as developed by McLaughlin e t al (1975) 
couples basic fatigue data on the laminae level with a stress analysis 
to predict both the mode o f fatigue fa ilu re  and the fatigue lives of 
laminates. Because th is  approach is based on laminae data rather than 
laminate data, i t  can be used to predict the fatigue behavior of lami­
nates with d iffe re n t stacking sequences and f ib e r  orientations without
O
extensive testing . The major drawback to th is  approach is its
O
Durchlaub and Freeman (1974) showed that the residual strength of 
notched laminates could increase a fte r  fatigue loading.
3
The analysis o r ig in a lly  proposed by McLaughlin e t al did not 
consider interlam inar stresses and therefore could not account for 
changes in stacking sequences, but incorporation of interlam inar stress­
es into the analysis has been done and w ill be shown in a NASA 
contractors report released in 1978.
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complexity in attempting to develop simple, re a lis t ic  stress analyses 
and a fa ilu re  c rite rio n  on the laminae le v e l.
The state of the a rt of fatigue analysis, in the author's opinion,
is s t i l l  in the early stages of development and not yet capable of
re lia b le  l i f e  predictions fo r general laminates. As a consequence 
the fatigue behavior o f the unidirectional boron/epoxy used in the 
present study cannot be described by re la tiv e ly  simple fatigue analyses 
as was the case fo r the cracked metal sheet and the bond system. Accord­
in g ly , the fatigue behavior w ill be determined solely by experimental 
data.
Shockey e t al (1970) showed that unidirectional boron/epoxy 
laminates that were loaded along the f ib e r  axis had an average ultimate  
ten s ile  strength of 193 ksi; when these laminates were cycled under 
constant amplitude cyclic loading with R = 0 ,1 , they retained 
73 percent of th e ir  ultim ate ten s ile  strength a fte r  107 applied load
cycles. Consequently, in an attempt to prevent fa ilu re  in the
unidirectional boron/epoxy, stress along the fib e r  axis (based on 
laminate analysis) was kept below 140 ksi.
Having discussed the fatigue behavior of the constituents of the 
reinforced system in th is  chapter, the next chapter deals with the 
fatigue behavior of the constituents in s itu  in the reinforced system. 
Hence, the next chapter discusses fatigue tests of reinforced systems.
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CHAPTER I I I
FATIGUE TESTS OF REINFORCED SYSTEMS
To determine the fatigue behavior of the reinforced system, two 
large panels were manufactured and tested. The panels shown on 
figure 2 were made of 8 x 24 inch sheets of 2024-T3 aluminum and 
unidirectional boron/epoxy. EA-934 room temperature curing adhesive 
was used to jo in  the sheets with the bonding process described in 
Appendix A. The primary difference between the panels labeled A and B 
on figure 2 was the thickness of the metal and composite adherends. To 
simulate a crack, the metal adherend contained a through-the-thickness 
narrow s l i t  0.01 inch wide and 2 inches long. The s l i t ,  which was made 
by an e lec trica l discharge process, was centered along the horizontal 
centerline of the panels. In both panels the fibers of the unidirec­
tional composite run para lle l to the longitudinal axis of the panels.
The panels were tested in a 300,000 pound load capacity servo- 
hydraulic fatigue machine. Both panels were tested under constant 
amplitude loading with R, the ra tio  of the minimum to maximum stress
4
in the load cycle, equal to 0.01 a t a tes t frequency of 2.5 Hz.
For the fatigue tests of both panels the distance between tes t 
machine grips was 16 inches. The maximum loads applied to each panel
^The tes t frequency was lim ited  to 2.5 Hz instead of the 10 Hz 
used to characterize the debond behavior in Appendix A because of 
tes t machine lim itations .
16











Fig. 2. Panel configuration
thickness
metal composite
t  tm c
0.156 in 0.028 in
0.051 in 0.048 in
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during the fatigue tests and the corresponding stresses in the adherends 
calculated from membrane laminate theory (see Appendix C) are shown 
below.
Panel Maximum Load Stress, psi
lbs metal composite
A 37,600 19,600 58,600
B 22,500 14,600 43,100
During the fatigue tes ts , crack lengths were measured period ica lly  
with an optical microscope. Table 1 shows the measured crack lengths 
and applied load cycles fo r both tests . The crack lengths are plotted  
against the applied load cycles on fig ure  3. Note that on the figure  
the abscissa is logarithmic and the ordinate starts  a t the in i t ia l  h a lf­
crack length of a = 1,0 inch. The crack propagation rates fo r the 
panels are the slopes of the curves shown on figure 3. These rates 
are tabulated in Table 1 and plotted against the half-crack length on 
figure 4. As evident from figure  4, the crack growth rate  is  about 
two orders o f magnitude larger in Panel A than in Panel B.
The crack propagation rates in these panels is a function of 
debonding between the adherends. I f  the adherends were completely 
debonded the crack propagation rate  would be much larger than i f  no 
debonding occurred. To investigate the e ffec t of debond size on 
crack propagation ra te , the tes t panels were examined with an ultrasonic  
C-scan (d e ta ils  of the C-scan method are discussed in de ta il by 
McMaster 1963) a fte r  the half-crack length grew to 1.0 inch. Figure 5 
shows the C-scans of the panels. On the figure the dark parts of the
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TABLE 1
CRACK LENGTHS AND CRACK PROPAGATION RATES
Panel A Panel B
haIf-crack cycles crack cycles crack
length propagation propagation
rate rate
a, in *N da/dN *N da/dN





































*N -  Instead of lis t in g  the number of cycles that caused crack 
growth a t both crack t ip s , the average number of cycles is given.
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Fig. 4. Experimental crack propagation rates
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Fig. 5. Ultrasonic C-scans of fatigued specimens
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C-scans are areas where debonding has occurred. As evident from the 
figure debonding occurred over an e ll ip t ic a l  area. Ratwani (1977) 
has observed s im ila r e l l ip t ic a l debonds in metal laminates. The major 
axes of the e l l ip t ic a l  debonds were nearly equal to the crack length 
in the metal adherend of the panels. As measured from figure 5 the 
minor axes of the debonds were 3.0 inches and 0.50 inch fo r Panels A 
and B respectively. However, when the C-scans shown on figure 5 were 
made, they were d istorted along the longitudinal axes o f the panels. By 
taking into account th is  d is to rtio n , the minor axes of Panels A and 
B were found to be 4.0 and 0.67 inches respectively. With these 
corrected values of debond length along the minor axes, the ratios of 
minor to major axes o f the debonds, F = b /a, were found as 1.0 and 
0.14 fo r Panels A and B respectively.
The experiments discussed in th is  chapter showed that the fatigue  
in reinforced systems occurs as co llinearcrack growth and debond 
growth over an approximately e l l ip t ic a l  area. In Chapters IV and V 
an analysis w ill be developed that can model th is  observed behavior.
In Chapter VI the analysis w ill be v e rifie d  by comparing the experimental 
results o f th is  chapter with results o f the analysis.
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CHAPTER IV
STRESS ANALYSIS
As shown in the previous chapter, under cyclic  loads the re in ­
forced system exhibits both crack and debond growth. In tu it iv e ly ,  
the rate  at which the debond and crack propagates is  a function of the 
stress state and level in the system. Consequently, to predict these 
rates a re a lis t ic  stress analysis is required. For the stress analysis 
to be re a lis t ic  i t  must predict stresses in the adhesive as well as 
in the adherends of the system. Because adhesives typ ica lly  exhibit 
nonlinear behavior (Hughes and Rutherford 1968), the stress analysis 
must include nonlinear behavior of the adhesive. The f i r s t  step in 
development of a re a l is t ic ,  nonlinear, e las tic  stress analysis is the 
formulation of a lin ea r e la s tic  stress analysis.
Formulation of Linear E lastic  Solution
To formulate an e la s tic  solution, the reinforced system shown in 
figure 6 was considered. As shown in figure 6, the system consists of 
a cracked metal sheet bonded to a composite sheet with an e ll ip t ic a l  
debond between the sheets. The system was subjected to a remote 
stress, s. A rigorous stress analysis of th is  system requires a 
three-dimensional formulation. Although a general, exact solution is 
not ava ilab le , f in i te  element or f in i te  difference numerical methods
24







Fig. 6. System to be analyzed
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can be employed to obtain a tractable  solution. However, these solutions 
are not e ff ic ie n t fo r analyzing reinforced systems in which the crack 
length and debond area are continually changing. An a lte rn a te , simple 
analysis can be developed by assuming that the adherends are in plane 
stress while the adhesive is in pure shear. These assumptions were 
f i r s t  used in an analysis by Volkerson in 1934.
The v a lid ity  of these assumptions fo r analysis of the reinforced  
system shown in figure 6 was investigated in deta il in Appendix B.
As shown in Appendix B with a simple example, the assumption can lead 
to errors as much as 100 percent in the calculated adhesive stresses 
as compared to more rigorous f in i t e  element solutions. Evidently, 
s ig n ifican t shearing deformation occurs in the adherends of the 
reinforced system. The presence of the adherend shearing deformation 
violates Volkerson's assumptions, but as shown in Appendix B an 
effec tive  shear modulus, can be determined and used with the
assumptions to calculate adhesive shearing stresses within a few percent 
of the f in i te  element resu lts .
Arin and Erodogan (1972) used Volkerson's assumptions with complex 
variable e la s tic ity  theory developed by Muskhelishvili (1953) and 
Lekhnitski (1956) to analyze a system s im ilar to that shown in figure 6. 
The lin ear e las tic  stress analysis developed herein basically follows 
the concepts used by Arin and Erodogan, but d iffe rs  in the formulation 
of the Green's functions used in the e la s tic ity  solution, the method of 
numerical integration o f the Green's functions, and the domain of 
in tegration. To develop the stress analysis, the reinforced system 
is free bodied as shown in figure 7 (adhesive layer not shown)



















































using Volkerson's assumptions. In the figure the remote stress, s, 
refers to the applied load over the to ta l cross sectional area of the 
reinforced system. By the use of laminate theory as described in 
Appendix C, the inplane stresses aym, cryc, axm, and axc (where 
the f i r s t  subscript refers to stress direction and the second subscript 
refers to the metal or composite adherend) can be easily  calculated. On 
figure 7, f  and f xz indicate shear stresses in the adhesive 
layer. Throughout this d issertation the adhesive shear stresses which 
w ill be assumed to act as body forces on the adherends w ill be frequently  
called interlam inar stresses. To form a governing equation, these 
interlam inar stresses were re lated to the displacement o f the adherends 
in the following manner.
F irs t , the shear s tra in  in the adhesive layer was related to the 
displacement in the adherends by the relations
um uc vm V
Yx z = :—  ’ Yy z = ^—
ad ad
where ^ad 1S the thickness of the adhesive, u and v re fe r to 
displacements in the x and y direction respectively , and the 
subscripts m and c re fe r  to the metal and composite adherends 
respectively. Next, Hook's law was used to re la te  the shearing stra in  
in the adhesive to the in terlam inar stresses as
T = GY (7)
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Then, by the use of the e ffec tive  shear modulus and equations (6) and 





Equation (8) can be w ritten fo r several d iffe re n t points in the 
reinforced system to form a system of simultaneous equations. These 
simultaneous equations are developed in deta il in subsequent sections 
o f this chapter.
The displacements, u and v, in the adherends were related  
to the inplane adherend stresses and the interlam inar stresses by 
several functions Fx -  F8 as
The displacements, Fx and F2, in the metal adherend due 
to the remote stress were calculated in terms of two stress functions 
<j)(z) and w(z) (Muskhelishvili 1975) by the equation
(9)
c
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2G( um + ivm̂  = n<̂ z) " “ ẑ “ z ) ^ ) ( 10)
3 - v
where n = for plane stress, i = / - l ,  z = x + iy , the bar
1 + v
over a function or variable denotes the complex conjugate, v 


























In equations (11) through (13) "a" denotes half the crack length 
in the metal sheet. With the use of equation (10), the functions F
and F were found to be
2
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F (am ,am ) = Real i x x ’ yy




F (am ,am ) = Img < 2 xx yy 3 ’
n4>(z) -  w(z) -  (z -  z )$ (z )
2G
The displacements, F3 and F^, in the composite sheet due 
to the remote stress were found as follows. F irs t , the constitu tive  
equations fo r an orthotropic material were used to re la te  strainsto  
stresses (Lekhnitskii 1968) as
ac v xx yx vxy
ac w, ew = ----------------- + —  0C,'X F p ~ y y ’ ~y F " x x  F - yy 
x y x y
(15)
where E and E are the moduli o f e la s t ic ity  in the x and y x y
directions respectively, and v and v are Poisson's ra tio s .xy yx
»»
Then with the d e fin itio n  of strains as e = ttt and e() =x dx y ay
equations (15) were integrated to find displacements as
ac v xx yx
u = F ,(acvv,acul#) = < -------------------ac.,.,) x + h i(y )3' xx’ yy'




ac.xy '  yy L
 ac + ------- \ y  + h2(x)
Ex E
( 16)
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where h l(y ) and h2(x) are a rb itra ry  functions which were set to 
zero because of symmetry considerations.
The displacements, F5 and F6, in the metal adherend 
caused by the inter!aminar stresses were calculated by assuming 
that the interlam inar stresses acted as body forces on the adherends. 
With th is  assumption, the displacements were calculated using Green's 
functions in surface integrals as
F , ( f  , f  ) = aa + aa xz’ y z ' xx xy




M XX = " ,  % t ( z . Z o ) [ - f x z < 2 o > > d X A >
aaxy = " s  GDxy(z -zo > [ - V zo>ldV l5'o
aayx = " s  SDyxU ,Z 0) t ‘ f Xz(ZO)]dxodl'o
aayy = " ,
and z is the location of a point load (see Appendix D) and GD ,
U AA
GD , GD , and GD are the Green's functions which were xy yx yy
discussed and derived in Appendix D and found as
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where
w i t h
GDxx = cQ{R eal(g (z5z0) + g (z ,zQ) ) }  
GDxy = c0{R e a l( i{g (z ,z 0) -  g (z ,z 0 ) } ) }
GDy x = co ^ m9 ( g ( ^ z0) + g(z »z0) ) }
GDyy = co{Im9 ( i ( 9 ( z ’ zo) " 9 (z ’ zo) ) }
g (z ,z0) = n[ReaHXA(z,z0 )}  - XC(z,zQ)]
+ 0 .5 [n 2XB(z,zQ) + XB(z,z0)] + XC(z,z0)
zzo -  V  
+ 2 — ------------ + (z -  z )B( z , z )
XA(z,zQ) = -  Log
zzQ - a2 -  I ( z 0) I ( z ) '  
zzQ + a2 - I ( z Q) I ( z ) I
XB(z,z0) = Log
z z Q -  a 2 -  I ( z q ) I ( z )  
z z Q + a 2 -  I ( z q ) I ( z )
z + z.
z o -  2
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The domain o f in tegration used in equation (18) w ill be discussed 
in a la te r  section.
The displacements, fr7( f xz>'fy Z) and F8 f̂ xz’ f yz^ ’ in the coniPoslte  
adherend caused by the interlam inar stresses were found with an 
approach s im ilar to that used fo r the metal adherend. The functions 
were w ritten  as
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
where
( 21)
bbxx = SS HDxx(zk ’wk>f x z < V dxodyo
bbxy = S ! HDxy(zk -wk>f yz (Wk)dxodyo
bbyx = 11 HDyx (zk 'wk>f xz<wk>dxodyo
bbyy = 11 HDy y (zk’ wk>f yz (Wk>dxodyo
k = 1,2
and HD , HD , HD , and HD are the Green's functionsfor the xx xy yx yy
composite adherend derived in Appendix D and found to be
HDXX = 2Real{p1C llg i ( z l ,w1) + p ^ l g ^ z  2,v/2)}
HDxy = 2R eal{i[p1cl2g2(z 1,w1) + p2C22g2(z 2,w2) ] }
( 2 2 )
HDyx = 2Real{q1c i lg 1(z 1,w1) + q2C21g1(z 2,w2)}
HDyy = 2R eal[i[q1c21g2(z 1,w1) + q2C22g2(z 2.,w2) ] ]
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:x = x + S jy, z2 = x + s2y , wx = xQ + s ^ ,
w2 = xo + s^ o
where sx and s2 are complex numbers which are not complex conjugates 
of each other and are roots o f the equation (Lekhnitski 1968)
and
Ex I Ex
* *  + < —  -  2vxy f  ■ 0
xy J y
s ,<s 2\ v + 11
S 2 +  V .xy 7 2 xy
Cl 1 = ------------------------  Cl 2 =
^ t c t S j2 -  s22) 4irtc ( si '  s22)
s ( s 2v + l )  S +  V1 * 2  yx xy
C21 =   C22 = -
4irtc( S l2 -  s22) 4Trtc ( S l2 - s22)
1 1
p. = —  <s. 2 -  V  p2 = r  (s* 2 '  vxy)
X X
1 1
qi = 7 7  0  ■ v . ! )  qz = 7 T  0  '  W . * 1
1 y 2 y
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Substituting equations (1 4 ), (1 6 ), (1 7 ), and (20) into equation (9) 
and that resu lt into equation (8) y ie lds the governing equation that 
was used to formulate a system of simultaneous equations.
Numerical Solution
To solve fo r the unknown stresses f  and f  , the domain of
XZ y Z
integration in equations (18) and (21) was separated into three 
regions as shown on figure 8, Region A on the figure represents 
the portion o f the domain where debonding has occurred. In this region 
the interlam inar stresses are zero. Region B on the figure represents 
the portion of the domain where s ig n ific a n t interlam inar stresses 
ex is t. As shown on the fig u re , th is  region is divided into smaller 
elements. Region C on the figure  represents a portion of the domain 
where the interlam inar stresses are small and can be neglected. The 
size o f each of these regions w ill  be discussed further in Chapter VI 
where convergence of the system is investigated.
The next step in the formulation o f the simultaneous equations 
was to assume that the interlam inar stresses were constant over each 
element of region B. With th is  assumption, the displacements caused 
by the interlam inar stresses, equations (17) and (20), were w ritten  
as
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y
-region of neglig ib le  
interlam inar stresses
• f  yregion of —̂  
s ig n ifican t 




region of disbond with no 
interlam inar stresses
Fig, 8. Domain of in tegration




Fs( i )  = E AAxx(1 ’ J' )i:“f xZ( j ) ] + AAxy( i J ) [ - f yz( j ) ]
j= l
n
F j i )  = E AAyx( i , j ) [ - f y z ( j ) ]  + AAyy( i , j ) [ - f y z ( j ) ]
j= l
(23)




Fe( i )  = E BByx( i , j ) [ f xz( j ) ]  + BByy( i , j ) [ f yz ( j ) ]  
j= l
1 is the number o f elements in region B and
AAXX( U
AAxy(l- , j
AAyx( i , j
AAyy( i , j
BBxy( U
BByx( i , j
8Byy( i> j
= II  6Dxx(z f ,z 0 )dx0dy0 
= If  60xy(z 1,zo)dxo<(yo _  
= If GDyx(z 1,z 0)dx0dy0 
= II  BDyy(z1 ,z0 )dx0dy0
= 11 HDxx(z k1>wk)dxo<‘),o
= [ I  HDxy(z k i-wk)dxod̂ o
= SS HDyx^zk i ,wk^dxod^o 
-  H  HDyy^Zki *Wk^dXOd^O
(24)
k = 1.2
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where the i subscript indicates the point in the x-y plane, z ,
where the governing equations (equations (8 )) were evaluated. The
j  subscript when used in the co effic ien t o f the interlam inar stresses,
f  and f  , indicates the location of the centroid of the element
X £  y  t
over which the interlam inar stresses act while the j  subscript 
used in the interlam inar stresses indicates the value of these stresses 
acting on element j .  The integrals in equations (24) were evaluated 
numerically; the method of integration w ill be discussed in Chapter V I.
Substituting equation (14) and (23) in equations (9) and (8) and 
evaluating the resu lt a t the centroid of each element of region 
B lead to a system of 2n simultaneous lin ear equations where n 
is the number of elements in region B as
A A ^ i .J )  + BBxx( i , j )  AAxy( i , j )  + BBxy( i , j )
AAyx( i , j )  + BByx( i , j )  M y y O .j )  + BByy( i , j )
^ad 1 0 F ( i )i
- F ( i )3
Ge ff 0 1 _F2( i ) - F , ( i )
(25)
Using Gaussian elim ination, this system of lin ear simultaneous 
equations was solved and yielded values o f the unknown interlam inar 
stresses f xz( j )  and f  ( j ) .
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Nonlinear Solution
As shown in Appendix B, the adhesive used in the reinforced  
system can exh ib it nonlinear stress stra in  behavior. As shown in the 
appendix, the tens ile  stress stra in  curve fo r the adhesive can be 
approximated by a b ilin ea r stress s tra in  curve with a change of slope 
occurring at about 4200 p s i, Because the adhesive in the reinforced 
system is  assumed to be in a state o f pure shear, the data from the 
ten s ile  stress s tra in  curve must be related to the adhesive in a 
pure shear s tate . To develop th is  re la tionsh ip , a y ie ld ing c rite rio n  
is required.
For s im plic ity  the c rite rio n  developed by Von Mises and given 
by H ill (1951) as
(o -  a ) 2 + (a -  a ) 2 + (a -  o  ) '  v xx yy' K y y  zz ' v zz xx'
+ 6 (a2 + a2 + cr2 ) = 6k 2v yz zx xy' o
(26)
where a is the stress a t y ie ld ing  and kQ is a constant, was used to 
estimate when the adhesive in the reinforced system would exhib it 
nonlinear behavior,^ For pure tension, as was the case in the bulk 
property tes t described in Appendix B, equation (26) reduces to
5
Several y ie ld  c r ite r ia ,  of which Von Mises1 is one of the most 
popular, are available in the l ite ra tu re .
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For the adhesive in the reinforced system the only stresses present,
according to the Volkerson assumptions, are o  and a  . Hence, in
y A*.
this case equation (26) reduces to
(28)
Combining equations (27) and (28) by elim inating kQ yields a re la tion  
between tens ile  and shear y ie ld ing as
at 4200 psi. With th is  value in equation (29) and the notation for 
interlam inar stresses in the reinforced system an inequality was 
developed as
Equation (30) was used to estimate the in it ia t io n  o f nonlinear behavior 
of the adhesive in the reinforced system by using f  and f  
from the solution of equation (25). As w ill be shown in Chapter V I I ,  
equation (30) predicts that nonlinear behavior o f the adhesive w ill 
occur in many reinforced systems. The adhesive nonlinearity  manifests
(29)
For the bulk property tens ile  tests a  was found approximately
f 2yZ + f \ z  > 5.88 x 106 (30)
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i t s e l f  in equation (25) as changes in with the magnitude of
applied load. As shown in Appendix B, the fo r the adhesive
can be e ith e r 65,000 psi or 36,000 psi. The value Ge ff  takes in the 
reinforced system can be determined from equation (30). I f  equation (30) 
is true then = 36,000 psi while i f  equation (30) is fa lse
G ^  = 65,000 psi.
By the use o f inequality  (30) and equation (2 5 ), the applied 
stress a t which Ge f f  o f the adhesive changes in the reinforced 
system was predicted with the following approach. As shown by equations 
(14) and (16) the r ig h t hand side o f equation (25) is a function of
the applied stress, s (am , am , ac , ac are lin ear functionsxx yy xx yy
of s ). Hence, the solution of equation (25) was w ritten  in terms 
of the un it solution and the applied stress, s, as
where s is the remote applied stress and f xz( j ) un-jt and fy2( j ) uni t  
are the solutions o f equation (25) with an applied stress of s = 1. 
Substituting equations (31) into equation (30) and solving fo r s 
fo r each of the elements of region B, lead to values of the remote 
stress s ( j )  which cause a change in Ggf^ fo r element j  as
f xz ( j )  ^ x z ^ u n i t 5 f y z ^  s^ y z ^ u n i t (31)
5.88 x 106
(37 )
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The smallest value of s ( j )  fo r n elements of region B is  the value 
o f the applied stress, s ^ ,  which causes a change in in
element k. At th is value of s ^  a ll  elements except element k 
have = 65,000, while element k has G0 ff  = 36,000.
I f  the value of s ^  is  greater than the maximum remote 
applied stress, s , then the solution is completely e la s tic  and
11 Id x
from equation (31) the interlam inar stresses in the system are given 
as
f xz( j )  “ smaxf x z ^ u n i t
(33)
fyZ( j )  -  sm ax^yz^unit
However, i f  s ^  is less than smau then y ie ld ing  has occurred.6max
At the y ie ld  point the stress in a ll  of the elements is given by
9xz ^  ” s f x z ^ u n i t ( i )
(34)
g ^ ' u )  = s( l ) f y2( j ) un, t ( l )
where the u n it (1) indicates th a t the un it stresses were obtained from 
an e las tic  solution where a ll had the same shear modulus o f Gg^  =
C
Yielding refers to a change in G ^  in  the adhesive of the 
reinforced system.
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65,000 psi. Once yield ing has occurred in element k the shear 
modulus of element k takes on the secondary value G ^  = 36,000.
Consequently, fo r the next increment o f applied stress the 














A A ^ i .J )  + BBx x ^ )  AAxy( i , j )  + BBxy( i , j )
AAyx( i , j )  + BByx( i , j )  AAyy^i> J ) + BByy^i , J ^
Equation (35) was then used to find a new unit solution a fte r  
element k had yielded. The new un it values, f xz( j ) un-jt(2) and 
^ y z ^ u n it ( 2) ’ were t *ien used in ecluatl0n and added to equations
(34) to give the stress in each element a fte r  the second load increment 
as
f x2( j )
fy2 ( j )
gx< ° ( j )  + s ( , ) f x2( : ) un it(2 )
(36)
gy < ° { j )  + s ( l ) fyz ( j ) un1t(2)
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(  ̂  )Substituting equations (36) into equation (30) and solving fo r s ' '
(  2. \
yields the value of s ' '  that causesthe next element to y ie ld
as
( ’ ) - Bo + { V  -  4AoCo
; 3 — £
(37)
where
Ao ‘ f x z^ ^ u n it(2 Y + 4f y z ^ u n i t ( 2 ) /
Bo =
Co =
2<gxz ( j ) f xz( j  ^un it(2) + gyz ^ ^ y z ^ u n i t ( 2)( O m -
’xz ' ’ ( O f  + -  ° V 3
/ 2 \
I f  the value of s ' ' > smau then the stresses a fte r  the sectionmax
increment of load are given by
9xz2 )(J ) = (smax -  s<1>) xzu ; u n it (2) + gxz ^
(38)
g , i2 ) ( j )  = (smax -  s( l ) ) f W7( j ) llnl-+ r, i  +yz y z 'j ; u n it (2) yyz
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( 2 )and the to ta l number o f load increments is 2. But i f  sv ' is less
than s then the stresses a fte r  the second load increment are max
given by
gx ' 2>U )  -  s(2 ) f X2( j ) un, t ( 2 ) + 9X‘ 0 (J)
(38)
gy ‘ 2 ) ( j )  -  s (2 ,fy z ( j ) uni t ( 2 )  + g y z '^ j )
The en tire  process is repeated u n til the sum of a l l  the load increments 
equals smax. The fin a l value o f the interlam inar stresses are the fin a l 
values of gxz( j )  and g ( j )  given as
f xz(d) -
(40)
where m is the to ta l number of load increments.
To obtain the fin a l values for the interlam inar stresses, equation
(4 0 ), the system of simultaneous equations (equations (35)) must be
solved fo r each load increment. To minimize computational e f fo r t ,  a
Gauss Siedel method discussed by McCracken and Dorn (1968) was used to
solve equation (35) a fte r  the f i r s t  u n it vector was found by Gaussian
elim ination. By the use of unit vectors, f xz( j ) unit ( k )  and
fy z ^ u n i t ( k ) 5 the  ̂ ite ra tio n  as in i t ia l  estimates fo r the k + 1
unit vectors, the Gauss Siedel method rapidly converges. Consequently,
the method is very e f f ic ie n t  in solving fo r the un it stresses in 
successive load increments.
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In this chapter an analysis was developed to determine in te r­
laminar stresses in the reinforced system. In the next chapter these 
interlam inar stresses w ill be used to determine crack and debond 
growth rates in the reinforced system. The accuracy of the analysis 
w ill be discussed in Chapter V I.
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CHAPTER V
FATIGUE ANALYSIS
As shown in Chapter I I ,  fatigue damage in the reinforced system 
occurred as crack and debond growth. Accordingly, an adequate fatigue  
analysis should predict both types o f growth. To the author's 
knowledge, the only analysis to date that attempts to model this behavi 
was developed by Ratwani (1977). Ratwani (1977) analyzes crack and 
debond growth in a cracked metal sheet reinforced with an uncracked 
metal sheet by using the e las tic  analysis developed by Erdogan and 
Arin (1972) and a maximum stra in  c rite rio n  to predict debond growth.
In contrast, herein, the nonlinear e la s tic  stress analysis developed 
in the previous chapter was coupled with a debond propagation equation 
bashed on calculated stra in  energy release rates.
Crack Growth Rate
To use the crack propagation equation (equation (4 ) ) ,  the stress 
in tensity  must be determined. The stress in tensity  can be related to 
the two stress distributions discussed in Chapter IV: the remote
inplane stresses in the reinforced system and the interlam inar shear 
stresses which act near the debond fro n t. The stress in tensity  can be 
found by superimposing the stress in ten s ities  from the two stress 
distributions.
49
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The stress in tensity  produced by the remote stresses can be 
calculated by substituting the stress function, $ (z ) , fo r this  
loading case (equation (13)) into equation (1) which related the 
stress function to the stress in tensity  as
k -  ik  = 2/2 lim \ /z  -  a ) amyy
1 '  amyy amxx






k = 0 
2
The stress in tensity  produced by the interlam inar shearing 
stresses, f v7( j )  and f v_ (j)»  was found in the following manner. 
F irs t, the stress in tensity  fo r four point loads acting on a cracked 
sheet was found by substituting the stress function
$ (z ,z Q) = SB(z,zQ) + SB(z,zQ) (D.43)
derived in Appendix D into equation (1) to y ie ld
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kx -  ik 2 = 2/2 lim
z -> a
/z  -  a SB(z,zQ) + SB(z , zq) (43)
Taking the lim it  of equation (43) and combining coeffic ients  o f the 
X and Y load components results in
kx -  ik 2 = X[XK(z0) + XK(I0) ]
+ iY[XK(z0 ) - XK(I0 ) ]
which leads to




/a ( V o ' zzo + a  n I (zo>
XK(zn) = ---------------  { ----------------------------  + - ------------ > (45)
) ( zo2 -  a2) I ( zo> zo a'
Then, with the use of the co e ffic ien t of the X and Y load 
components as Green's functions fo r the stress in te n s itie s , the stress
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in tensity  caused by the in terlam inar stress, f xz( j )  and f  ( j ) » 
can be found as
n
ki = 2 E [ f xz( j) / /R e a l XK(zo) dxody0 
i= l
(46)
+ f y z ( j ) / n m g ( X K ( z 0 )dx0dy0 ]
The domain of in tegration  fo r equation (46) is ,  of course, the same as 
was discussed in the previous chapter. The method of in tegration w ill 
be discussed in the next chapter.
Debond Growth Rate
To use the debond propagation equation (equation (5 ) ) ,  the 
stra in  energy release rate  must be determined fo r points along the 
debond fro n t, A rigorous determination of the strain  energy release 
rate is d i f f ic u l t  and beyond the scope of th is e ffo r t . However, an 
approximate solution is developed in the following paragraphs.
A freebody of a s tr ip  was taken from the longitudinal centerline  
of the reinforced system as shown in figure  9. The s tra in  energy 
release rate  fo r the s tr ip  was approximately calculated with the 0 
in tegral developed by Rice and given in Liebowitz (1968) as
3u •
S = J = / r ( 1  a jjC jjd z  -  t j —  ds) (47)





-Q o  
OJ s_ 
•o  4 -





























where a . ,  is the stress, e - • is the s tra in , T . is the surfaceIJ IJ I
trac tio n , u. is the displacement and r  is  any contour that 
contains the debond front and does not pass through a p lastic  region
of m ateria l. Equation (47) can be w ritten in terms of cartesian
coordinates as (Yoder and G r if f is  1974)
where Wg is the stra in  energy density and v and w are displacements
in y and z directions respectively.
To apply integral (47) to the freebody shown in figure 9, a path 
of integration shown in figure  10 was used to analyze the energy 
release ra te . The path surrounds the debond front on which no 
stresses or traction  ac t, follows the bond lin e  in the metal adherend 
on which the interlam inar stresses act, crosses the adhesive which is 
assumed to have in s ig ific a n t stresses, and follows the bond lin e  in the 
composite adherend on which the interlam inar stresses act. The
3vn avc
  is the s tra in  in the metal adherend, and the ---------  is the
3y 8y
stra in  in the composite adherend. With the use of this contour, the
value of G from equation (48) can be w ritten  in terms of the in te r­
laminar stresses, f  and f  , and the stra in  in the adherends,
A t Jr fa
(48)





contour fo r integration
composite
Fig. 10. Contour fo r determination of G fo r s trip
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« -  1  fy z (£cy - Emy>d*  <49>
With the use of discrete values o f the interlam inar stresses and strains 
in the adherends, the stra in  energy release rate 6 can be approximated 
as
6 =  E  t y ( i ) f y z ( i ) { e C y ( i )  -
i= l
(50)
where t  represents the length of the discrete elements, i the index 
fo r the elements in the s tr ip , and p the number of elements in the 
s trip .
The interlam inar stresses, fy Z(k)> were determined from 
equation (40). However, the strains in the adherends s t i l l  need to 
be determined. The strains in the adherends were determined from the 
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where matrices C and D are given by equations (C.4) and (C.5) 
of Appendix C.
Before equation (51) was used to calculate the stra in  in the 
adherends, the stresses in the adherends were determined.
As shown by M uskelishvili (1975) the stresses in the metal 
adherend can be expressed in terms of two functions, $(z) and f i(z ) ,  
as
Equations (52) -  (54) were used to determine the stresses in the metal 
adherends caused by both inplane remote stresses and interlam inar 
stresses,
For remote inplane stresses, $(z) is given by equation (13)
as
o  = Real{3$(z) -  ft(z) - (z -  z )$ ( (z )}
A
(52)
a = Real{§(z) + ft(z) + (z -  z )$ ‘ (z )} (53)
o  = Imag{$(z) + ft(z) + (z -  z )$ '( z ) }Ay (54)
(13)
$ '(z )  was found by taking the derivative  o f $(z) as
2 (z 2 -  a2) 3/ 2
(5 5 )
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For the interlam inar stresses, $(z) and 'i'(z) were determined 
and substituted in equations (52) -  (54) (see Appendix D). The re su lt, 
stress in the metal caused by interlam inar stresses, was found as
ax “ ^  •/™ Sxxf x z ^  + ^ x y ^ y z ^ - ^ o ^ o
j= l
(57)
° y  = //{GSyxf xz^^ + GSyyf y z (j)}clXodyo
j= l
(58)
axy ^ ^ GG(xy)x^xz^^ + ^ (x y jy ^ y z ^ ^ ^ o ^ o
j= l
(59)
where GS , GS , GS , GS , GS/ \ , and GS/,wv are the Green's xx’ xy* yx yy ’ (xy )x ’ (xy)y
functions fo r stresses given in Appendix D by equations (D.68) 
through (D.73) respectively. The domain of in tegration in equations 
(57) -  (59) is the area o f an element shown in region B of figure 8 
where j  denotes the p articu la r element.
Adding equations (52) -  (52) and (57) -  (59) yielded the stress 
in the metal adherend of the reinforced system. This resu lt was then 
used in equation (51) to calculate the stra in  in the metal adherend.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
59
The inplane stresses in the orthotropic adherend caused by the 
remote stresses were calculated with simple laminate theory as shown 
in Appendix C.
The inplane stresses in the orthotropic adherend caused by the 
interlam inar stresses were found in Appendix F as
n
°x  = x O T » f xz“ ) t H V y z ( i l , V o  <60>
j-1
n
ay = S / -r{HSy x f XZ( j )  + HSyyfy z (j)}dX 0dy0 (61)
j= l
n
axy “ J " {HS(xy)xf xz^') + HS(xy)yf yZ(3)>dxodyo ( 62>
j= l
where HSXX> HS^, HSyx> HSyy , HS(xy)x , and HS(xy)y are the Green's 
functions for an orthotropic solid sheet given in Appendix E by 
equations (E.23) -  (E .28).
Adding the inplane stresses in the orthotropic adherend caused 
by the remote stresses and the interlam inar stresses and substituting  
the resu lt into equation (51) yielded the strains in the orthotropic 
adherend.
With the strains in the adherends, equation (50) was used to 
calculate the stra in  energy release rate  for the debond along the 
longitudinal axis of the reinforced system.
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As indicated in Chapter I I I ,  the shape of the debond throughout 
the cyclic  tests can be approximated by an e llip s e . The equation 
fo r a general e llip s e  is given as
y = b [ i  -  ( f ) 2] ( y  (63)
where a is h a lf the crack length and b is the debond length 
measured along the y-axis from the center o f the crack. With the use 
of equation (63) the overall debond shape was predicted by calculating  
the h a lf crack length, a, from equation (4) using the stress 
in tensity  calculated from equation (45) and calculating the debond 
length, b, from equation (5) using the stra in  energy release rate  
calculated from equation (50).
Prediction of Crack and Debond Growth
The analysis developed in th is  d issertation was programmed on 
a CDC 6600 computer a t NASA-LRC. A discussion of the program, a 
sample analysis, and a program lis t in g  are given in Appendix F.
A flow chart of key elements o f the program is shown in figure 11.
In the next chapter the accuracy of the analysis is investigated 
by comparing results o f the calculations from the analysis with 
experimental results generated in Chapter I I I ,
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Fig. 11. Flow chart fo r fatigue analysis
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CHAPTER VI
ASSESSMENT OF ACCURACY
Before the analysis developed in the previous chapters was used 
to study the fatigue behavior o f the reinforced systems, the accuracy 
o f the analysis was assessed. This assessment was based on analytical 
convergence studies and studies comparing analytica l results with 
experimental results obtained in Chapter I I I .
Numerical Integration
A key item in the analysis was the method o f integration of the 
Green’ s functions, In theory the Green's functions fo r both stress 
and displacement require integration over an in f in i te  domain. Because 
the functions are complicated, a closed form in tegration is d i f f ic u lt  
i f  not impossible to perform. Consequently, a numerical solution was 
employed. Two key items in th is  numerical in tegration were the domain 
of in tegration and the method of numerical in tegration .
As shown on figure  8, the in f in ite  domain o f in tegration was 
divided into three regions: A, B, and C. Only region B has s ign ificant
interlam inar shear stresses which need be integrated, To perform the 
in tegration region B was divided into elements as shown on figure 8.
Each of these elements was bounded by the curves
62
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x = x X = x2
(64 )
y i = f i ( x )  y2 = f 2(x)
where the functions f x and f 2 are the form of equation (63) and 
re fle c t the debond shape. For example, the bounding curves fo r  
elements along the debond front are given as
where a and b are the ha lf crack length and the debond height 
respectively and da and db represent fractions of a and b.
The numerical method of in tegration used fo r each element of 
the region B was a two-dimensional Simpson's in tegration. Simpson's 
in tegration was used so that several of the Green's functions given by 
equations (1 9 ), (2 2 ), (D.68) -  (D .73 ), and (E.23) -  (E.28) could be 
integrated simultaniously by using common values of the complex 
functions. In each element the interlam inar stresses were assumed 
to be constant and the Green's functions were integrated by using 9 or 
18 in tegration points. Nine in tegration points were used when the 
domain of in tegration did not contain a s ingu larity  while 18 points 
were used when a s ing u larity  existed within the element.
(65)
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In the la t te r  case the domain of the element was divided into  
three regions: two of which were analytic  and the th ird , which contained 
the s in g u larity , was nonanalytic. The two analytic regions were 
integrated with the nine point Simpson's integration scheme. The 
nonanalytic region was integrated by separating the Green's functions 
into products of analytic and nonanalytic functions. The analytical 
portions were expanded in a Taylor series and only the f i r s t  terms, 
which were constants, were retained. The singular portion was integrated  
an a ly tica lly  in the principal value sense (Hilderbrand 1950), The 
product of the f i r s t  term of the Taylor series and the principal 
value resulted in an approximate integral value in the nonanalytic 
region. In general the value of the integral in the nonanalytic region 
of the element was small in comparison with values in the two analytic  
regions.
The size of region B shown in figure  8 was determined ite ra tiv e ly  
by starting  with a small region and increasing its  size u n til no 
changes occurred in the interlam inar stresses, stress in tensity  or 
stra in  energy release ra te . As an example, Panel B (under a load of 
22,500 pounds) discussed in Chapter I I I  was modeled as shown in figure  
12 with an in i t ia l  crack length of one inch and no debond (b = 0 ). As 
shown in the fig ure , region B was assumed to be nearly rectangular 
with nx elements along the x-axis and n  ̂ elements along the y -ax is . 
The elements have a width of 0.25 inch and a height of 0.20 inch. The 
analysis was performed fo r values o f nv ranging from four to six and
A
values of ny ranging from one to s ix . Test conditions for each of 
these possible combinations were notated as





Fig. 12, Domain B fo r convergence analysis
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Figure 13 shows the values of interlam inar stresses along the 
longitudinal centerline fo r the d iffe re n t conditions. As evident 
from the figure,values of the interlam inar stresses have converged
fo r values o f n = 4 and n = 3. Also both the stress in ten s itiesx y
and the s tra in  energy release rates have converged for these values. 
Thus, fo r th is  sample case the domain of region B is about 1 x 0.6 inch. 
Sim ilar analyses showed that the length o f the domain of region B 
along the x-axis is ty p ic a lly  the length of the crack. However, as the 
adherend thickness or shear modulus of the adhesive changes, the 
extent of region B in the y -d irec tio n  also changes.
With the use o f the one-dimensional analysis discussed in 
Appendix B, the extent of region B in the y -d irec tio n  was estimated fo r  
d iffe re n t adherend thicknesses and adhesive moduli in the following  
manner. A s trip  was taken from along the longitudinal centerline of the

























distance along y axis , inch
Fig. 13. Convergence of interlam inar shear stresses
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reinforced system as shown in figure 9. Because of the crack the 
load in th is  s trip  must be transferred e ith e r to the adjacent metal 
via inplane shear stresses or to the composite via interlam inar stresses. 
I f  a ll  the load were transferred via the interlam inar stresses, the 
interlam inar stresses could be higher and extend over a greater area 
than i f  the inplane stresses were considered. Consequently, the boundary 
of the interlam inar stress region calculated from the one-dimensional 
analysis, which only considers interlam inar stresses, would be an 
upper bound.
From the one-dimensional analysis the shearing stresses are 
found by equation (B-12) as









Examination of equation (B.12) revealed that the T(y) is a maximum at 
y = 0. The shear stresses were assumed to be neglig ib le when they 
were smaller than 5 percent o f the maximum value. In equation form, 
the relationship between y and 95 percent of the maximum in te r­
laminar shear stress was expressed as
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0.05 K = K e  o o
■v%




( 6 6 )
the distance a t which the shear stresses are 95 percent of th e ir  
maximum value. As evident from equation (66) the y distance is a 
function of the thicknesses and material properties of the adherends 
and the adhesive. For the adhesive used in the reinforced system of 
Panels A and B two e ffec tive  shear moduli were found as 65,000 psi 
prior to yield ing and 26,100 psi a fte r  y ie ld ing (see Appendix B).
With the use of the la t te r  of these two values to give a conservative 
bounds, the y distance for region B of Panel B (see figure 2) as 
calculated by equation (66) was found as y = 0,60 in . The estimated 
value agrees well with convergence study results shown on figure 13.
The same logic applies to both bonded (b = 0) and debonded systems 
(b > 0 ), Consequently, the domain of region B used in the integration  
of the Green's functions was determined by the crack length and 
equation (66).
Once the domain o f region B was determined, the e ffec t of mesh 
refinement within region B was investigated. Figure 14 shows a 
comparison of interlam inar stresses calculated (again fo r Panel B) 
using two d iffe re n t mesh sizes in region B. As evident from the fig u re ,



































distance along the y ax is , inch
Fig. 14. The e ffec t of mesh size on interlam inar stresses
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the interlam inar stresses calculated with the fin e  mesh can deviate 
as much as 16 percent from stresses calculated with the coarse mesh. The 
stress in ten s ities  and s tra in  energy release rates calculated using 
the two d iffe re n t meshes were found as
k Gi
coarse mesh 0,281 1.29
fin e  mesh 0.280 1.36
The values o f k and G are not nearly as sensitive to changes in mesh 
size as the interlam inar stresses were. The reason fo r  the in s e n s itiv ity  
is most l ik e ly  because both k and G are obtained by integration  
schemes that smooth out the e ffec t o f local approximations in the 
interlam inar stresses. Consequently, the grid can be rather coarse 
and s t i l l  accurately predict both k and G. in contrast the values
of the in terlam inar stresses require a f in e r  mesh fo r accurate values. 
Because k and G are used to predict the fatigue behavior of the 
reinforced system, a re la tiv e ly  coarse mesh was used in the analysis 
without loss of accuracy.
Accuracy o f the Analysis
To ascertain the accuracy of the analysis, calculated values of 
stresses in the adherends, the stress in te n s itie s , and the crack 
propagation rates and debond sizes were compared to experimental 
results on Panels A and B shown in Chapter I I I .  To compare calculated  
and experimental values of stresses in the adherends and stress
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in te n s itie s , Panels A and B were modeled when the h a lf crack length, a, 
reached 2 inches as shown on figure 15. The debond sizes were obtained 
from the C-scans of the specimens shown on figure 5. The height o f the 
grid from the edge of the debond was determined from equation (66).
The crosshatched elements on the figure indicate elements in which the 
adhesive has changed modulus (yielded) during each applied load cycle. 
The e ffec t of the modulus change on k and G w ill be discussed in 
the next chapter.
The values o f the crack growth rate  for Panels A and B were 
calculated fo r a half-crack length of 2 inches, the debond sizes 
observed in figure 5, and the applied loads shown on page 18.
The calculated values and the experimental values, from Chapter I I ,
o f the crack propagation rates are
da/dN, in /cycle  
Panel calculated experimental
A 2.85 x 10"4 1.30 x 10"4
B 2.26 x 10~4 3.12 x 10‘ 4
The difference between the calculated and experimental rates are 
w ithin the scatter of the predicted rates fo r unreinforced metal 
sheets (Figge and Newman 1967). Hence, the analysis accurately 
predicts the crack growth rate i f  the crack length and debond are 
known,
As a further check, the analysis was used to predict the crack
growth in Panels A and B, Figure 16 shows the calculated and
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Fig. 16. Experimental and calculated crack lengths as a function o f applied load cycles
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experimental half-crack lengths plotted against the number of applied 
load cycles. For both panels the analysis gave a conservative prediction  
of the crack growth. The calculated and experimental half-crack lengths 
agree w ithin a factor of 2. This deviation is within the scatter of 
crack length prediction o f unreinforced metals. Hence, the analysis 
appears to accurately predict the crack length as a function of 
applied load cycles.
On figure 17 the calculated and experimental crack propagation 
rates were plotted against the half-crack length. The calculated  
crack propagation rates were w ithin a factor of 2 of the experimental 
rates. The largest error occurred in Panel B fo r a half-crack length 
of 2 inches.
The calculated crack lengths and crack propagation rates shown 
on figures 16 and 17 are a function of debond growth. On figure 18 
the debond aspect ra tio , b /a , was plotted against the half-crack  
length fo r the two panels. The symbols on the figure indicate values 
of the debond aspect ra tio  obtained experimentally (see figure 10).
As evident on the fig u re , the calculations indicated that the debond 
aspect ra tio  increases rap id ly , especially fo r Panel A, before the 
half-crack length reaches 0,2 inch, Hence, the debond grows before 
the crack does.
Of the two panels, Panel A exhibits the largest debond growth, and 
a t a half-crack length o f 2 inches the predicted debond aspect ra tio  was 
determined experimentally. For Panel B, the analysis predicted a debond 
aspect ra tio  of 0,45 a t a half-crack length of 2 inches. In contrast,
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Fig, 17. Experimental and calculated crack propagation rates
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(Panel B)
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half-crack length, inches 
Fig. 18. Debond aspect ra tio  versus crack length
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the debond aspect ra tio  obtained experimentally was about 0.14, The 
discrepancy between the calculated and experimental values may be 
linked to the magnitude of stra in  energy release rate as the debond 
propagates in Panel B. Values o f G in Panel B ranged from 
0.63 in -lb s /in  a t a half-crack length of 1 inch to 0.53 in-Tb/in at a 
half-crack length of 2 inches (in  contrast G values fo r Panel A 
ranged from 6.0 to 2.45 in - lb s /in ) .  The values of G for Panel B 
were below values of G used to determine the empirical constants in 
equation (5 ). A few exploratory tests of the type performed in Appendix 
A revealed th a t a threshold value of G may ex is t. Below this threshold 
value debonding does not occur. Although proving the existence of a 
threshold was beyond the scope of th is d issertation, i f  i t  does 
exist the analysis o f Panel B would predict a debond aspect ra tio  much 
closer to the experimental value.
The comparison between calculated and experimental values of 
predicted crack length, crack propagation rate and debond aspect 
ra tio  shown on figures 16 through 18 showed that the analysis has 
potential to predict crack growth in metals reinforced with composite 
m aterials. However, a true assessment of the accuracy of the analysis 
can be made only a fte r  a more extensive data base is developed.
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CHAPTER V II
PARAMETRIC STUDIES ON CRACK AND DEBOND GROWTH
To give insight about crack and debond growth in reinforced 
systems, the analysis was performed fo r reinforced systems with 
several d iffe re n t adherend thicknesses, debond sizes, and crack 
lengths. The metal adherend thicknesses studied were 0,05, 0 .10, and 
0,15 inch; the composite adherend thicknesses were 0.025, 0.05, and 
0.075; the half-crack lengths were 0 .5 , 1 .0 , 1.5 inches; and the aspect 
ratios of the debond areas were 0.001, 0 .5 , and 1 .0 , For the various 
combinations of adherend thicknesses, crack lengths, and debond 
aspect ra tio s , the stress in te n s itie s , stra in  energy release rates, and 
remote stress that caused nonlinear behavior of the adhesive were 
calculated and are shown in Table 2.
The f i r s t  two columns of the table give the metal and adherend 
thicknesses, t ffl and t c. The th ird  and fourth columns give the 
half-crack length, a, and the debond aspect ra tio ,b /a . The f i f t h  
column gives the stress in tensity  in the metal adherend normalized by 
the remote stress, k/s. The sixth column gives the s tra in  energy 
release rate a t the debond fron t (along the longitudinal centerline) 
normalized by the remote stress squared, G/s2 . The la s t column gives 
the remote stress that would cause the adhesive layer in the reinforced 
system to behave nonlinearly.
79
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TABLE 2
CALCULATED VALUES FOR PARAMETRIC STUDY
Sn *c a b/a k/s G/s2 sy ie ld







0.50 0.001 0.171 12.4E-10 19,600
0.50 0.50 0.240 8.2E-10 25,200
0.50 1.00 0.289 4.4E-10 25,600
1.00 0.001 0.170 12.6E-10 17,600
1.00 0.50 0.286 9.5E-10 23,900
1.00 1.00 0.366 4.9E-10 23,600
1.50 0.001 0.171 12.4E-10 16,500
1,50 0.50 0.322 9.6E-10 23,800
1.50 1.00 0.426 5.1E-10 23,700
0.50 0.001 0.138 7.3E-10 25,000
0.50 0.50 0.190 5.6E-10 21,700
0.50 1.00 0.230 3.0E-10 29,500
1.00 0.001 0.136 7.2E-10 22,800
1.00 0.50 0.221 6.0E-10 28,100
1.00 1.00 0.286 3.3E-10 27,000
1.50 0.001 0.137 7.2E-10 21,100
1.50 0.50 0.264 6.0E-10 27,600
1.50 1.00 0,329 3.3E-10 27,200
0,50 0.001 0.125 5.7E-10 28,200
0.50 0.50 0.170 4.8E-10 33,800




















( in V lb s )
sy ie ld
psi
0.50 1.00 0.206 2.4E-10 31,900
1.00 0.001 0.123 5.6E-10 26,500
1.00 0.50 0.196 4.7E-10 30,600
1.00 1.00 0.254 2.6E-10 29,100
1.50 0.001 0.123 5.6E-10 23,800
1.50 0.50 0.217 4.8E-10 30,000
1.50 1.00 0.291 2.7E-10 29,300
0.50 0.001 0.254 41.5E-10 11,200
0.50 0.50 0.334 24.6E-10 15,700
0.50 1.00 0.385 11.4E-10 17,600
1.00 0.001 0.256 4 6 .IE -10 9,800
1.00 0.50 0.407 28.9E-10 14,200
1.00 1.00 0.498 13.5E-10 15,400
1.50 0.001 0.257 46.2E-10 9,100
1.50 0.50 0,462 29.9E-10 13,700
1.50 1,00 0.583 14.2E-10 15,100
0.50 0.001 0.202 23.9E-10 14,600
0,50 0.50 0.263 16.2E-10 18,900
0.50 1.00 0.307 8.1E-10 19,900
1.00 0.001 0.202 25.1E-10 13,100
1,00 0.50 0.309 18 ,5E-10 17,400
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TABLE 2 - Continued
t_m

















1.00 1.00 0.385 9.4E-10 12,379
1.50 0.001 0.201 25.0E-10 16,800
1.50 0.50 0.345 19.0E-10 16,800
1.50
oo
• 0.444 9.9E-10 16,700
0.50 0.001 0.178 17.6E-10 16,900
0.50 0.50 0.230 12.5E-10 21,300
0.50 1.00 0.269 6.4E-10 21,800
1.00 0.001 0.177 18.0E-10 15,200
1.00 0.50 0.266 14.0E-10 19,400
1.00 1.00 0.333 7.4E-10 18,500
1.50 0.001 0.176 17.9E-10 14,600
1.50 0.50 0.294 14.4E-10 18,600
1.50 1.00 0.382 7.4E-10 18,100
0.50 0.001 0.313 78.3E-10 8,300
0.50 0.50 0.397 40.9E-10 12,400
0.50 1.00 0.446 18.0E-10 14,800
1.00 0.001 0.323 95.6E-10 7,000
1.00 0.50 0.493 51.3E-10 10,900
1.00 1.00 0.584 22.3E-10 12,500
1.50 0.001 0.325 99.0E-10 6,500
1,50 0.50 0.565 54.1E-10 10,400
1.50 1.00 0.689 23.7E-10 12,100






















0.50 0.001 0.253 46.8E-10 10,600
0.50 0.50 0.318 28.9E-10 14,400
0.50 1.00 0.362 13.9E-10 16,200
1.00 0.001 0.256 52.9E-10 9,400
1.00 0.50 0.379 35.2E-10 12,900
1.00 1.00 0.460 17.1E-10 13,400
1.50 0.001 0.256 53.7E-10 8,700
1.50 0.50 0.425 37.IE-10 12,400
1.50 1.00 0.534 18.2E-10 12,900
0.50 0.001 0.222 34.4E-10 12,300
0.50 0.50 0.278 22.5E-10 16,100
0.50 1.00 0.318 11.3E-10 17,600
1.00 0.001 0.223 37.3E-10 11,100
1.00 0.50 0.325 26.9E-10 14,500
1,00 1.00 0.397 13.7E-10 14,400
1.50 0.001 0.222 37.6E-10 10,300
1.50 0.50 0.360 28.2E-10 14,000
1,50 1.00 0.457 14.5E-10 13,700
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Stress In tensity  Factor, Crack Growth Rate
Figures 19, 20, and 21 show the effects of composite adherend 
thickness, debond aspect ra t io , and crack lengths on stress in tensity  
fo r the d iffe re n t thickness metal adherends. On the figures c irc le s , 
diamonds and squares represent stress in tensity  values fo r 0.025, 0.05, 
and 0.075 inch th ick composite adherends respectively. Open, h a lf­
shaded, and shaded symbols represent stress in ten sity  values for 
debond aspect ratios o f 0 ,0 , 0 .50 , and 1,0 respectively. On the figures 
the stress in ten sity  normalized by the remote stress was plotted against 
the half-crack length.
For a l l  three metal adherend thicknesses, the figures show 
consistent trends. I f  the debond aspect ra tio  is small, the stress 
in tensity  is not s ig n ifican tly  affected by e ither the crack length or 
the thickness of the composite reinforcement. However, as the 
debond size increases, the stress in ten s ities  increase s ig n ifican tly  
with longer crack lengths and thinner composite reinforcement.
The effects of debond s ize , composite adherend thickness, and 
crack length become more pronounced for the th icker metal adherends.
Strain Energy Release Rate, Debond Propagation
Figures 22, 23, and 24 show the e ffe c t o f composite adherend 
thickness, debond aspect ra t io , and crack length on the stra in  energy 
release rate a t the debond fron t (along the longitudinal centerline  
of the reinforced system). As on figures 19, 20, and 21, d iffe re n t
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symbol t c , inch b/a
k/s
(in^)










Fig, 19, Stress in ten s ities  fo r 0.050 in thick  
metal adherend










Fig. 20, Stress in ten sities  fo r 0,100 in thick  
metal adherend







Fig. 21. Stress in ten s ities  fo r 0.15 in thick metal 
adherend
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Fig. 22. Strain energy release fo r 0.05 in thick  
metal adherend









Fig. 23. S train energy release fo r 0.10 in thick metal 
adherend




Fig. 24. Strain energy release fo r 0.15 in thick 
metal adherend tfnck
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symbols indicate d iffe re n t composite adherend thicknesses, and 
d iffe re n t amounts o f shading indicate d iffe re n t aspect ra tio s . On 
the figures the stra in  energy release rate normalized by the remote 
stress squared was plotted against the h a lf crack length.
Examination o f the figures revealed that for a l l  metal adherend 
thicknesses the thickness o f the composite had the most pronounced 
e ffec t on the s tra in  energy release ra te . The thinner the composite 
adherend the higher the s tra in  energy release rate and the more 
lik e ly  debonding would occur. The debond aspect ra tio  had the next 
most s ig n ifican t e ffe c t. The larger the debond aspect ra tio  the lower 
the s tra in  energy release ra te . Of a l l  the parameters the crack 
length had the smallest e ffe c t on the stra in  energy release ra te .
As in the case fo r stress in ten s itie s , the effects  of debond 
size, composite adherend thickness, and crack length are more 
pronounced fo r the thicker metal adherends. In fac t on figure 24 
the energy release rates fo r 0.025 inch composite reinforcement with no 
debond reinforcing a 0.15 inch metal were so great fo r  a l l  crack 
lengths tha t the energy release rates were o ff  scale in the fig ure . 
Evidently, the most severe case fo r debond occurs with a thick  
metal adherend reinforced with a th in  composite sheet with no 
debonding between adherends.
Nonlinear Effects
Figures 19 through 24 were generated by assuming that the adhesive 
behaved lin e a r ly . Hence, because they were normalized with respect 
to the remote stress or its  square, they can be used to estimate the
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stress in ten sity  and stra in  energy release rate fo r any remote stress 
that does not produce nonlinear behavior o f the adhesive in the 
reinforced system. For the d iffe re n t parameters studied, Table 2 
gives the values fo r the remote stresses that cause nonlinear behavior 
of the adhesive. As evident from the table nonlinear behavior can 
occur a t re la tiv e ly  low remote stresses. For values in the tab le , 
the lowest value o f remote stress to cause nonlinear behavior occurred 
fo r the thickest (0,15 in ) metal adherend with a 1.5 inch crack that 
was reinforced with the thinnest (0.025 in ) composite adherend and no 
debond. For th is reinforced system a remote stress of 6,000 psi 
caused nonlinear behavior of the adhesive. However, for practical 
purposes, the remote stress applied to th is system could be as high 
as 52,000 ps i. To investigate the effects  of the nonlinear adhesive 
on the crack and debond growth predictions, the analysis was conducted 
using the preceding parameters fo r both a lin ear adhesive and nonlinear 
adhesive.
For the lin ear analysis an e ffec tive  shear modulus (see Appendix 
B) of 65,000 psi was used, while fo r the nonlinear analysis an e ffec tive  
shear modulus of 65,000 psi was used u n til the remote stress reached
6,000 psi a fte r  which an e ffec tive  shear modulus of 36,000 psi was 
used for nonlinear elements of region B (see page 38). With the use 
of the two d iffe re n t analyses, the stress in tensity  and the strain  
energy release were found as





percent error 13 0
For this example, the nonlinear analysis predicted the stress 
in tensity 13 percent below that predicted by the lin ear analysis. 
However, the predicted stra in  energy release rate was the same fo r  
both analyses.
At f i r s t  glance the linear analysis would then accurately 
predict the debond growth and conservatively estimate the crack growth. 
But by the use of equations (4) and (5) and the above values the debond 
and crack growth rates were found at 4.2 inches/cycle and 1.56E-04 
inches/cycle respectively. Hence, the debond propagates much faster 
than the crack. As the debond grows, the magnitude of the stress 
in tensity from the lin ea r and nonlinear analysis converges. In fa c t, 
because the debond grows so much fas ter than the crack, before the 
crack extends any appreciable amount the stress in ten s ities  from the 
two analyses predict the same crack growth rates. In addition , because 
the example exhibits the most s ign ifican t nonlinearity of a l l  the cases 
considered in Table 2, the linear analysis, and hence figures 19 
through 24 can be used to estimate crack and debond growth even when 
the adhesive behaves nonlinearly.
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Prediction o f Crack and Debond Growth
To predict the crack and debond growth in a reinforced system, 
the computer code discussed in Appendix F should in general be employed. 
However, figures 19 through 24 can also be used to estimate both the 
debond and crack growth fo r a varie ty  of reinforced systems in the 
following manner. F irs t, for the given adherend thickness, crack 
length, debond s ize , and remote applied stress, the stra in  energy 
release ra te , G, and the stress in ten s ity , k1? can be estimated
from figures 19 through 24. Then, equations (4) and (5 ) , the crack 
and debond growth equations, can be used to estimate the number of 
applied load cycles to extend the crack by, fo r example, 10 percent 
and to extend the debond length (along the longitudinal axis of the 
reinforced system) by 10 percent. The smallest value of the applied 
load cycles required to produce these extensions is used with equations 
(4) and (5) to predict the extension of crack and debond growth. Next, 
these extensions are added to the orig inal crack and debond length 
and the en tire  process is repeated u n til the stress in tensity  reaches
56,000 p s i- in 2 (fracture occurs) or the desired crack length or 
number of applied load cycles is  reached.
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CONCLUSIONS
The fa ilu re  mode of cracked metal sheets th a t are reinforced  
with composite is crack propagation in the metal sheet. Analysis of 
the crack growth is  complicated by the development o f a debond near 
the crack. Herein, an analysis was developed to predict both the debond 
and crack growth in a reinforced system. The analysis was predicated 
on the use of s tra in  energy release rate  to correlate  debond growth. 
Empirical constants required fo r the correlation  were developed 
from simple bonded specimens. The correlating equation fo r the 
debond growth was then used in a stress analysis that was based on 
complex variab le Green’ s functions which were developed herein for  
cracked, isotropic sheets and uncracked, orthotropic sheets. The 
stress analysis was used to calculate the inplane and interlam inar 
stresses, the stress in ten sity  a t the crack t ip ,  and the s tra in  
energy release rate a t the debond fro n t. By the use of the analysis, 
an ite ra tiv e  solution was developed th a t used the stress in tensity  and 
the s tra in  energy release rate  to predict the crack and debond growth 
on a cycle-by-cycle basis.
To ve rify  the analysis, tests were conducted on two d iffe re n t  
reinforced panels which exhibited d iffe re n t amounts of debonding.
For both panels the predicted crack growth was w ithin the accuracy 
of crack growth prediction in unreinforced metal sheets. Hence,
95
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the analysis appears accurate within the bounds o f existing fracture  
mechanics concepts.
The analysis was used in a parametric study o f the effects of 
boron/epoxy composite reinforcement on crack propagation in aluminum 
sheets. The study showed that the aspect ra tio  o f the debond area 
has a s ig n ifican t e ffe c t on the crack propagation in the aluminum 
sheet. For small debonds the crack propagation rate  is reduced 
s ig n ific a n tly , but these small debonds have a strong tendency to 
enlarge. Debond growth is  most lik e ly  to occur in reinforced systems 
that have a cracked metal sheet that is reinforced with a re la tiv e ly  
thin composite sheet.
The analysis can be used to predict crack growth in reinforced 
systems. Hence, the analysis can be applied in developing methods 
to repair damaged metal structure and to increase lives  and payloads 
of metal structures by selective reinforcement,
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APPENDIX A
DETERMINATION OF DEBOND CONSTANTS
As discussed in Chapter I I ,  debonding can be predicted in a
bonded system with an equation of the type
n2
db/dN = c2 (6) (5)
where G is the s tra in  energy release rate and c2 and n2 are
empirical constants. The objective of this appendix is to determine
the empirical constants fo r the reinforced system used in the 
experimental portion of th is dissertation.
Specimen Fabrication
To determine c2 and n2, several tes t specimens with the 
configuration shown in figure A.l were fabricated. The specimens 
consisted of 1-inch wide strips of 0.188 inch thick 2024-T3 aluminum 
bonded to 0.03 inch thick unidirectional boron/epoxy. The strips were 
bonded with Shell EA-934 room curing adhesive. To maintain a constant 
adhesive thickness in the bond, 2 percent by volume of 0.004 inch 
diameter glass beads were added to the adhesive prior to bonding.
The process used to bond the aluminum to the composite was as 
follows
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debonding in it ia te s  here
photoelastic
0.08 in
boron/epoxy 0.03 in0.188 in aluminum
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1. Vapor degrease -  perch!oroethylene condensing vapors for
5 to 10 minutes.
2. G rit blast with 220 g r it  a t 90 psig.
3. A lkaline degrease -  Oaklite 164 solution (9 -  11 ounces/
gallon of water) a t 190 ±10° F for 15 minutes. Rinse 
immediately in large quantities of cold running water.
4. Acid etch -  place panels in the following solution for
10 minutes at 150° ±5° F.
D is tille d  water 30 parts
Sulfuric  acid (cone) 10 parts
Sodium Dichromate 1 part
5. Rinse -  rinse panels in c lea r, deionized running water.
6. Dry -  a ir  dry 15 minutes; force dry 10 minutes a t 150° F
±10° F.
Boron/epoxy
1. Vapor degrease as above.
2. G rit b last with 220 g r it  at 30 psig.
BONDING
1. Bond within 4 hours of surface preparation.
2. Coat surfaces of both adherends prio r to bonding.
3. Cure a t room temperature under 15 psig ±2 psig pressure.
4. Record date of bonding.
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The method of surface preparation fo r the aluminum was taken from 
Cagle (1973) while the surface preparation fo r the boron/epoxy and the 
bonding method was developed by the author. The bonding process was 
ve rifie d  with lap-shear strength tests o f the bonded system.
As shown in figure A .l photoelastic material was bonded to the 
surface o f the boron/epoxy. The photoelastic material enabled tracking 
of the debond fron t in the fatigue tests o f the specimens.
Fatigue Tests
The fabricated specimens were tested in a servo-hydraulic fatigue  
machine with a maximum load capacity of 10,000 pounds. A ll of the 
tests were conducted a t a loading frequency of 10 Hz with a ra tio  of 
minimum to maximum load in the load cycle o f R = 0.05. Duplicated 
tests were conducted fo r maximum loads o f 5,000, 4,000, and 3,000 
pounds.
As the specimens were tested, a debond developed a t the change 
of cross section and propagated between the aluminum and boron/epoxy 
adherends. Throughout the tests the location of the debond front 
was indicated by an isochromatic that was observed by viewing the 
photoelastic material through a polarizing m ateria l. The location  
of the debond fron t is p lotted against the number of applied load 
cycles on figure A .2 for a ll o f the tests . The results of these 
tests w ill be used with a stress analysis to determine the empirical 
constants c2 and n2.
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Fig. A .2. Debonding behavior
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Stress Analysis
Because of the change of cross section of the tes t specimen, 
as an axial load, P, is applied to i t ,  i t  bends. As shown by 
Timoshenko (1961) the equilibrium equation fo r a beam that exhibits  
both axial and bending deformation can be w ritten  as
dM dw
V = — + P—  (A .l)
dy dy
where V is the shear, M is the bending moment, and P is the 
tens ile  axial load, To use equation (A .l)  both the moment M and 
the axial load P were related to the deflection in the z -d irection , w, 
with two equations given by Calcote (1969) as
P dv d2w
_ = A  Bt1  (A .2)
A dy dy2
dv d2w
M = B ..—  - D ..-----  (A ,3)
dy dy2
where A is the cross sectional area of the beam and dv/dy is the 
axial s tra in  of the beam and
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k 1 k
A „  =  ̂ Qi ( zi '  z i „ i )  Bn  = 7  * V zi -  4 ] )
i= l L 1=1
1 k (Ev)i3 3 y 1
Di .  = 7  E M zi -  z i - l>  Ok =3 . ' 1 1 -  (v v ) .1=1 v xy yx; l
where i indicates the layer of a beam with k layers and z is 
measured from any reference surface.
Eliminating dv/dy from equations (A .2) and (A .3) yielded an 
expression fo r the moment as
BX1 f  d2w | d2w
M = ------< P + B..  > -  D -----  (A .4)
A ) dy2J 11 dy2
Substituting equation (A .4) into equation (A .l)  and d iffe re n tia tin g  
once with respect to y , yielded a governing equation as
qz =<
Bi i   ̂ l̂>w c*2w
A1X I dy“ dy
where qz is a transverse distributed load acting on the beam.
The boundary conditions fo r equation (A .5) were determined 
from the end conditions of the tes t specimen in sta lled  in the test 
machine as shown schematically on figure A.3a, With the assumption




























(b) beam model of specimen
Fig. A .3. Beam model fo r stress analysis
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that the specimen is e ffe c tiv e ly  fixed  at both ends by the re la tiv e ly  
massive test machine grips the boundary conditions were determined as
w(-d) = 0 w(L) = 0
(A.6)
dw(-d) dw(L)
= 0 = 0
At the change in cross section of the tes t specimen a local 
moment given as
where eQ is the distance between centroids of the two cross sections, 
was produced. With th is  moment the beam can be modeled as a symmetric 
beam with two d iffe re n t cross sections acted upon by a local moment 
M a t the change in cross section and an axial load P as shown in 
figure A.3b. For the model shown in figure A.3b, equation (A .5) 
was solved with conventional f in i t e  difference techniques (Ames 1971).
To verify  the analysis, the strains were determined by both the 
f in i te  difference analysis and by experiments. The te s t specimen 
shown in figure A.3a was analyzed. In cross section 2 the specimen 
was composed of four layers: the metal core, the adhesive la ye r, the
composite cover, and the photoelastic m ateria l. The thickness, moduli, 
and Poison's ra tio  fo r each of these layers are given as
M = Peo (A .7)









1 a*l umi num 0.188 107 0.30
2 adhesive 0.004 600,000 0.40
3 composite 0.030 3 x 107 0.21
4 photoelastic 0.083 390,000 0.36
With the preceding values and the surface of the metal with stra in  
gages (see figure A.4) as a reference plane k 1 1 ,  BllS and D12 
were found fo r section 1 (see fig ure  A .3) as
A = 2.1 x 106 lb s /in  B = 200,000 lbs n  n
D = 2,500 lb s /ini i
and fo r section 2 as
An  = 3 x 106 lb s /in  = 392,000 lbs
= 65,000 lb s /in
With the use o f the previous values and an applied load P of 5,000 
pounds as shown on figure A.4, the f in i te  difference method was used 
to calculate deflections and curvatures of the beam. With the curva­
tures the strains in the beam were calculated on the surface of the 
metal with (Calcote 1969)




















stra in  gage
s tra in , y
1 ,000--
O stra in  gage data 
— f in i t e  d ifference solution
53 41 20
y , inches
Fig. A .4. Comparison of f in i t e  difference solution with experimental data
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On figure A.4 the solid lin e  indicates calculated strains on the 
surface of the metal adherend while the c irc les indicate strains  
obtained experimentally with stra in  gages. As evident from the figure, 
the comparison is very good, Consequently, the developed stress 
analysis is adequate and can be used to calculate the s tra in  energy 
release rates as the tes t specimens debond.
Calculation of Strain Energy Release Rates 
The s tra in  energy release rate can be calculated as
lim (AW All]
G = ----------  { --------------- (  (A.8)
Ab 0 I Ab Ab j
where W is the change in work done on the system, U is the change 
in internal stra in  energy, and Ab is a small extension of the 
debond. With the assumption that the debond extends a t the maximum 
applied load, the work done as the debond extends can be calculated as
AW = P A6 • i + A6. j -  V + MA00 axial bending*
■1
(A .9)
where A00 is the rotation of the beam a t the debond fro n t. The 
change in internal energy can be calculated as
AU ” AUaxial + AUbending (A .10)
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Substituting equations(A.9) and (A ,10) into equation (A .8) and 
rearranging s lig h tly  yields the s tra in  energy release rate as












The f i r s t  two terms,which neglect bending, of equation (A .11) can be 





AUaxial t  E P2mm
Ab ^ c ^ c  +  ^c E2 c ^
(A .12)
The las t three items, which are due to bending, can be calculated with 
the f in i te  difference results in the following manner.
F irs t, the axial deflection due to bending is calculated as 
shown by Den Hartog (1952) as
'dw
„L
bend 2 /_d Jdy
2
» dy (A .13)
The fle x ib le  adhesive and photoelastic material are neglected 
because they have l i t t l e  e ffe c t on the stra in  energy due to the axial 
load.
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where the slope dw/dy was calculated a t each nodal point in the 
f in i t e  difference approximation. Between the nodes the slope 
was assumed to vary lin e a r ly . The integration of equation (A .13) 
was done piecewise over the length o f the beam. The work done 
by the moment was expressed as
M I dw
(A .14)
The s tra in  energy due to bending was calculated as
M2 A „
bend -d 2(A D -  B ) 
v l i  l i  n ;
where again the in tegration was performed in a piecewise fashion.
Equations (A .13) through (A .15) were evaluated before and a fte r  
a debond extension Ab. The quantities were subtracted to calculate  
the la s t terms of equation (A .11). The resu lt was added to equation 
(A .12) to give the s tra in  energy release a t the debond fro n t, In 
figure  A .5 the solid lines show the calculated s tra in  energy release 
rate  plotted against the debond lengths fo r values of applied loads of 
5,000, 4,000, and 3,000 pounds. The dashed lin e  on the figure  shows the 
stra in  energy release ra te -n e g le c tin g  bending—calculated with 
equation (A .12) As evident from the fig u re , when the debond length 
is greater than 0.5 inch or less than 4.5 inches, the contribution  
of bending to the s tra in  energy release rate is small. P a rtic u la rly ,























“  to ta l s tra in  energy release rate  




2 3 4 5
debond length, inches
Fig. A .5. Strain energy release rate  versus debond front 
location
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when the debond length is about 2.5 inches long, the bending contribution
2
is zero. Consequently, for a debond length of 2.5 inches,equation 
(A .12) can be used to calculate the stra in  energy release ra te .
Curve F it  fo r Empirical Constants
The debond rates fo r the configuration analyzed were determined 
by taking the slope o f the curves at a 2.5-inch debond length from 
figure A.2. These experimental rates and the corresponding values 
of the calculated stra in  energy release rates are shown in Table A .I.
The values in Table A .l were used to determine the empirical constants 
c2 and n2 in equation (5) with a least squares f i t  (Wylie 1966).
To perform the f i t ,  equation (5) was w ritten  as
log(db/dN) = log(c2) + n2log(G) (A .16)
As a resu lt of the curve f i t ,  c2 and n2 were found as
c = 3.158 x 10-5  n = 3,616
2 2
Figure A.6 shows the data as points and the f it te d  equation (5) 
as a solid lin e . As evident from the fig u re , the equation f i ts  the
2
Actually, there are also two other debond lengths where the 
stra in  energy release rate is zero, but they are located closer to 
the ends of the specimen where the analysis may be more inaccurate 
than at the 2.5-inch debond length.
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TABLE A .l
STRAIN ENERGY RELEASE RATES 
AND DEBOND PROPAGATION RATES
load
lbs
stra in  energy 
release ra te , G 
in -lb s /in
debond rate  
db/dN 
in /cycle
5,000 2.15 5.60 x 10"4
5,000 2.15 5.20 x 10"4
4,000 1.38 1.04 x 10 '4
4,000 1.38 8.00 x 10"5
3,000 0.77 1.26 x 10"5
3,000 0.77 1.33 x 10"5
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stra in  energy release ra te , G,  in -lb s /in
Fig. A .6. Correlation of debonding rates with s tra in  energy 
release rates
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data w ell. With the determined empirical constants, equation (5) 
can be used to predict debond propagation rates whenever the strain  
energy release rate can be determined.
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APPENDIX B
ADHESIVE SHEAR DEFORMATION ASSUMPTION
As mentioned in Chapter IV , the complexity of the analysis 
for a reinforced system is s ig n ific a n tly  reduced by assuming that the 
adhesive only undergoes shear deformation while the adherends only 
undergo extensional deformations that do not vary through the 
adherend thickness. Herein, the v a lid ity  of these assumptions were 
investigated by comparing a one-dimensional solution that was based 
on these assumptions with a more rigorous two-dimensional f in i te  
element solution. Before the one-dimensional and two-dimensional 
solutions were compared the bulk properties of the adhesive were 
determined.
Adhesive Bulk Properties
To determine the bulk properties of the adhesive an appropriate 
tes t specimen was designed and fabricated in several steps. F irs t ,  
a female p las tic  mold was made from the specimen shown in figure B .la . 
Then, the adhesive liq u id  base and hardener were combined and cast 
in to the mold. Next, a fte r  curing 24 hours in the mold the adhesive 
specimen was removed and cured an additional 5 days before i t  was 
handled, F in a lly , x-rays were taken of the specimen to locate a ir  
bubbles developed in the molding process. Specimens that contained
116









stra in  gages
gripping lines
Fig. B .l. Bulk adhesive specimen configuration and instrumentation
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large a ir  bubbles in c r it ic a l areas were scrapped. Six tes t 
specimens were fabricated in this manner but only three were acceptable 
fo r testing.
Prior to the testing the specimens were instrumented with stra in  
gages and lin e a r variable d iffe re n tia l transformers (LVDT) as shown 
in figure B .lb . The stra in  gages were used to obtain the longitudinal 
and transverse stra in  while the LVDT's were used to check the stra in  
gages (the LVDT's were wired to elim inate bending effects in th e ir  
readings while the stra in  gages would include bending in th e ir  
readings). Discrepancies between the readings would indicate bending 
due to poor specimen alignment in the tes t machine. Each instrumented 
specimen was placed in a servo-hydraulic tes t machine with a loading 
range of 2,000 pounds and a s e n s itiv ity  of ±10 pounds. Then, each 
specimen was loaded to fa ilu re  a t a rate of 80 lbs/sec.
In this manner, the three specimens were tested and the results 
were nearly identical fo r a l l  three of the tests . For a l l  specimens, 
the longitudinal s tra in  calculated from LVDT's agreed w ithin 1.5 percent 
of the longitudinal s tra in  gage reading and indicated the specimens 
were aligned properly in the tes t machine. The data obtained from the 
strain  gages are shown on figure B.2 in the form of a stress-stra in  
plot. On the figure  the heavy solid  lin e  indicates the stra in  in the 
loading direction e and the dashed lin e  indicates the stra in  
transverse to the loading direction e . As indicated by the lig h t  
solid lines on the fig u re , the stress-s tra in  curve can be approximated 
by a b ilin ea r s tress-s tra in  curve with a change of slope occurring 
a t 4,200 psi.












s tra in , in /in
Fig. B.2. Adhesive s tress-stra in  curve
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In the in i t ia l  linear region the following values were obtained 
from the curve:
A a. ,  = 3,000 psi, Ac. = 0.005, e = 0.002
y y *
Using these parameters, the Poisson's ra tio  and the e la s tic  modulus 
were calculated as
ex
v = —  = 0.40 E = -----  = 600,000 psi
■̂x e ^ Ae
y y
With the assumption that the adhesive is isotropic the shear modulus 
was calculated as
= 215,000 psi
2 (1 + v ) 
yx
Along s im ilar lin e s , the material parameters in the second lin ear  
region were determined as
v = 0.28 E = 190,000 psi G = 74,000 psixy y
The fracture o f the specimen occurred a t a stress of 6,600 
psi a t an axial s tra in , c^, of 0.0215. With the preceding material 
property values fo r the adhesive, the one-dimensional and two- 
dimensional solutions were compared.
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As a te s t case, the shearing stresses in the adhesive layer 
of the specimen shown on figure B.3a (the specimen is symmetric about 
the x-y plane) was calculated with both types of solutions fo r a plane 
stress state . Although the solution was for plane stress, fo r the 
s e lf-e q u ilib ra tin g  load system shown on figure A .la  the stress 
distributions are identical fo r both plane stress and stra in  states 
(Timoshenko (1951)). Consequently, although the tests case considered 
a state o f plane stress, the results are also applicable to a state of 
plane stra in  which may be more appropriate fo r a section taken through 
the thickness of the reinforced system shown on figure 9.
Figure B.3b shows a freebody of the specimen shown in figure B.3a. 
On the figure  P is h a lf the load in a composite adherend, F(y) 
and q(y) are the load in the metal adherend and the shear flow in  
the adhesive a t any point y , and t m, 2 tc , and t acj are the 
thicknesses of the metal, composite, and adhesive respectively.
The change in the load F(y) with respect to y is the shear 
flow in the adhesive layer given as
The shear stress in the adhesive is this shear flow divided by the 
width, w, of the specimen, given as
One-Dimensional Solution
dF(y)
















(b) Freebody fo r one-dimensional solution
Fig. B.3. Specimen configuration and freebody fo r  
one-dimensional solution
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With the assumption that the adhesive only undergoes shear deformation 
and that this deformation does not change through the adhesive thickness, 
the shearing stress in the adhesive can be related to the shearing 
stra in  in the adhesive by the constitu tive equation as
T(y) = y (y )6ad (B.3)
The shearing stra in  in the adhesive can be related to the extensional 
displacements in the metal, u (y ) ,  and the composite, u (y ) ,
m
as
v J y )  -  v (y) m c
Y (y) = ----------------------  (B.4)
t ad
Substituting equation (B.4) into equation (B.3) and that resu lt into  
equation (B.2) yields
dF(y) Gadw
[vm(y) -  v (y )]  (B.5)
dy t ad
Equation (B.5) can be d iffe ren tia ted  with respect to y to y ie ld
d2F Gw fdvI1T(y) dvc (y)
(B.6)
dy2 t ad I dy dy
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when the derivatives o f the extensional displacements u and um c
with respect to y are the extensional strains in the metal and 
composite adherends respectively. These strains were related to the 
extensional loads in the adherends by
dvm(y) F(y) dvc(y) P -  F(y)
e = ----------  =   e = -----------= ---------------- (B.
dy wEmt m dy wEct c
where E  ̂ and Ec are the moduli of the metal and composite respec­
t iv e ly . Substituting equations (B.7) into equation (B.6) yielded a 





aF(y) = B (B.8)
Gad 1 1 1
a  =
t  . J t  E t  E ad (. m m c c
- PGad _sGad
B =
wt, ,E ,t t  .Êdd c c cid c
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where s is the stress in the composite and Gacj is the shear modulus 
of the composite.
Solving equation (B.8) yielded a complete solution as
/ay - /x y  8
F(y) = cxe + c2e + -  (B.9)
a
With re fe rra l to figure B.3a, the boundary conditions fo r equation (B.9) 
are
y = 0 F(y) = F(0) = 0
(B .10)
y = °o F(y) is  bounded
With the use of these boundary conditions, the constants in equation 
(B,9) were found to be
8
S ' 0 c2 = a





1 -  e V ( B . l l )
By the use of equation (B .2 ), the shear stress in the adhesive was 
calculated from equation (B . l l )  as





F in ite  Element Solution
A f in i te  element computer program, PLANE, was used to calculate  
the shearing stresses in the adhesive layer in the specimen shown in 
figure B3.a. PLANE is  an e la s tic -p la s tic , two-dimensional program 
which uses constant s tra in  and lin ea r s tra in  triangu lar elements.
PLANE was developed by the Grumman A irc ra ft Corporation for the 
National Aeronautics and Space Administration and was documented by 
Armen and Levy (1962). The mesh used fo r the analysis is shown on 
figure B.4 and contains 1,522 degrees of freedom. The triangles  
are predominately linear s tra in  triangles which allow lin ea r variations 
in the stresses and strains through the elements. Each of the adherends 
is modeled with several elements through the thickness thus allowing 
variations o f extensional and shearing stresses through the thickness.
In contrast, the one-dimensional analysis assumed uniform extensional 
stresses and no shearing stresses through the thickness of each 
adherend, The adhesive layer was modeled by one layer of elements 
which allowed lin ea r variation in stresses through the adhesive 
thickness.
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One-Dimensional Versus F in ite  Element Solution
To compare the results of the two solutions, the specimen 
configuration shown in figure B.3a with a width of w = 1.0 inch 
and the following parameters
metal adhesive composite
thickness t  = 0.1 in t  , = 0.004 in t„ = 0.1 inm ad c
moduli Em = 10.3 x lO 6 psi Gad = 215,000 psi E£ = 30 x 106 psi
and an applied stress s of 1,000 psi was analyzed with both solutions. 
The parameters used in these solution were typical fo r constituents 
used in the reinforced system discussed in Chapter I I .  The adhesive 
shear stress calculated from the one-dimensional solution equation 
(B.12) was plotted as a solid lin e  against y (distance from the 
edge of the metal adherend) on figure B.5. On the same figure the 
circ les  indicate values of the adhesive shear stress calculated  
from the f in i te  element solution. As evident from the figure the 
one-dimensional solution gives shear stress values twice as high as 
those obtained from the f in ite  element solution near the edge of the 
metal adherend (y = 0 ). Evidently, the shearing deformation of the 
adherends which was not accounted fo r in the one-dimensional solution  
has a s ig n ifican t e ffec t on the values o f the shear stresses.
To account fo r the adherend shear deformation and s t i l l  use the 
sim plified  one-dimensional analysis, an e ffec tive  shear modulus G ^
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2,000 psi
-D solution with actual
if)
1-D solution with e ffec tive
values from f in ite  element 
solution
0.5 iny-axis
Fig. B.5. F in ite  element versus one-dimensional solution
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was introduced. The magnitude of was determined by equating
the maximum shear stresses in the adhesive calculated by the f in i te  
element solution to the expression fo r the maximum shear stress from 
the one-dimensional solution from equation (B.12) as
sGad
T = --------------  (B.13)
™ x .. C1 t  ,E y/a (y = 0)F in ite  Element ad c
Solving equation (B.13) fo r G yielded an expression fo r an 
e ffec tive  shear modulus as
3e f f
f  T E
m a X ( p E )  c
sw m̂̂ m
(B .14)
With this value fo r G in equation (B.12) y ie lds a corrected one­
dimensional solution fo r the adhesive shear stress as
■vSy
T(y) =
sGe f fWe 
^ c  &
(B.15)
For the sample analysis, equation (B.14) yielded Gg ff as 64,000 
psi. Using th is  value fo r Ge f^, equation (B.15) was plotted against 
y as a dashed lin e  on figure B.5. The agreement between equation (B.15) 
and f in i te  element results indicated by the c irc les  on the figure is 
excellent. Consequently, the assumptions made in Chapter IV , that the 
adherends only undergo extensional deformation while the adhesive
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only undergoes shear deformation, can be used to accurately predict 
shear stresses in the adhesive with a sim plified analysis i f  an 
e ffec tive  shear modulus fo r the adhesive is  used in the calculations.
For analysis of the reinforced system shown in figure 2 the 
effec tive  modulus was determined fo r a range of adherend thicknesses 
fo r the adhesive used in the reinforced system both fo r before 
and a fte r  the adhesive y ie ld s . To determine the values of e ffec tive  
shear moduli numerous f in i t e  element solutions were run with d iffe re n t  
adherend thicknesses fo r both the in i t ia l  bulk adhesive shear modulus 
of 215,000 psi and the bulk shear modulus a fte r  y ie ld ing of 74,000 
psi, The results o f these calculations are given in table B .l. In 
the table the maximum shear stress calculated from the f in ite  element 
solution and the e ffec tive  shear modulus are tabulated for the 
d iffe re n t adhesive thicknesses.
As shown in table B.l the value of the e ffec tive  modulus fo r the 
in i t ia l  shear modulus o f the adhesive does not vary much with adherend 
thicknesses. The average value fo r is about 65,000 psi and
is w ithin 3 percent o f any o f the calculated values.
Also, as shown in table B .l,  the value of the e ffec tive  modulus 
for shear modulus of the adhesive a fte r  yie ld ing also has l i t t l e  
variation with adherend thicknesses. The average value in this case 
is about 36,000 psi and is within 3.3 percent of any of the calculated 
values.
As evident from the previous discussion the reinforced system 
can be analyzed by assuming that the adherends only undergo extensional
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deformation while the adhesive only undergoes shearing deformation 
i f  an e ffec tive  shear modulus o f 65,000 psi is used fo r the adhesive 
before the adhesive y ields and an e ffec tive  shear modulus of 36,000 psi 
is used fo r the adhesive a fte r  y ie ld ing .


















EFFECTIVE SHEAR MODULI FOR REINFORCED SYSTEM
metal adherend thickness, inches
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REMOTE STRESSES IN THE ADHERENDS
For equilibrium  to e x is t, the macroscopic stresses applied to the 
reinforced system must be balanced by the stresses in the adherends 

















where A represents the area o f the reinforced system and Am and 
Ac represent the area of each element. For the case where stress 
was applied in only the y -d ire c tio n ,
sx = 0
Sy = applied load/A (C.2)
s = 0  xy
With strains uniform through the thickness, (C .l)  can be rew ritten for 
a un it width as
134
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where the C and D are the stiffness matrices fo r an isotropic  
and orthotropic material in plane stress, respectively, as given by 
Zienkiewicz (1971) as
vE
1 -  v 2 1 -  v 2
[C] *
vE






  O -  —  v y x )C r y*
1  Vyx
(C.5)
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with E, G , and vUY denoting the extensional modulus, the yx yx
shear modulus, and Poisson's coeffic ien t respectively. With simple 
matrix algebra, equation (C.3) can be solved and the strains determined. 
These strains in turn can be used with the appropriated stiffness  
matrices to calculate the stresses in the metal and composite 
adherends as











yy = [D] ecyy
ac
xy ,ev
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APPENDIX D
GREEN'S FUNCTION FOR THE CRACKED SHEET
The solutions fo r the inter!am inar stresses and the strain energy 
release a t the debond fron t developed in Chapters IV and V respectively  
require Green's functions fo r both displacements and stresses. As 
pointed out by Dennemeyer (1968), the solution fo r a concentrated 
load acting on a body can be used as a Green's function.
Herein, the solution fo r four concentrated loads that are 
symmetric with respect to a crack in an isotropic sheet was developed. 
The solution was based on e la s tic ity  theory using complex variable  
theory as developed by Muskhelishvili (1975). The solution was 
predicted on the assumptions that the cracked sheet is in f in ite  
isotrop ic , and can be described by a plane stress or s tra in  analysis.
As shown by Muskhelishvili (1975), both the stresses and displacements 
in a cracked sheet can be expressed in terms of two stress functions, 
$(z) and ^ (z ) , as
a  = Real{$(z) + $ (z) -  [z $ '(z )  + 'i'(z )]}A (D .l)
a  = Real{$(z) + $(z) + z $ '(z )  + 'f(z) > (D.2)
137
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aXy = Im ag{z$'(z) + ’f( z ) }  (D.3)
2G(u + iv )  = n<j>(z) - z^ T zT  -  iMz ) (D .4)
where a  , a and a  are stresses, u and v are displacements,x y xy
the bar over the functions denotesthe complex conjugate, i is  the 
square root of -1 and
dcf>(z) diHz)
H z )  = 4)'(z) = --------- T(z) = tp'(z) = --------
dz dz
n = 3 - 4v plane stra in
3 -  v
n = --------- plane stress
1 + v
is the Poisson's ra tio .
The stress functions, $ (z) and 'l'(z ), fo r the cracked sheet 
under four concentrated loads as shown on figure D .lc were constructed 
by superimposing the stress functions fo r a cracked sheet under two 
d iffe re n t loading conditions. The f i r s t  condition which is shown 
on figure D .la has concentrated loads acting on the cracked sheet plus 
a stress d is trib u tio n  applied to the crack surface. This stress 
distrib u tio n  was equal to the stress d is trib u tio n  which exists along 
the x-axis fo r an uncracked sheet with concentrated loads. This stress























































d istrib u tio n  closes the crack and, therefore, e ffec tive ly  eliminates 
i t .  As a re s u lt, figure D .la represents an uncracked sheet with 
concentrated loads acting on i t .  The second condition which is shown 
on figure  D.lb is fo r  a stress d is trib u tio n  acting on the surface of a 
crack. This stress d is trib u tio n  has the same magnitude, but is 
of opposite sign to the stress d is trib tu io n  applied to the crack in 
the f i r s t  condition. The development of the stress functions for  
these two conditions follows.
The stress functions fo r figure D .la  were developed by super­
imposing the solution fo r single concentrated forces that act in 
d iffe re n t quadrants. Fora point, zQ, in the f i r s t  quadrant the 
solution was given by Muskhelishvili (1975) as
1 1 zQ
* (z )  ■= -S --------------  ¥ (z ) = Sn   -S   (0 - 5)




2 tt( 1 + n ) t m
and X and Y are the load components in the x and y directions 
respectively, tt = 3.1459, and t m is the thickness of the sheet.
Equations (D.5) were generated fo r the second, th ird  and fourth
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quadrants by replacing S and zQ with -S and -Zq, -S and 
and T  and z  respectively. These stress functions were then 
superimposed to form the functions
' V
1
$(z) = S + S
z + zo z “ zo
(D.6)
z + z„ z -  z n , 0 0
\ \  1v { z )  = S<n<------7z  -  z„ z  + z n0 0. _zo
1 1
 + ------
[ ( z  -  Z0 ) 2 (Z + Z0) 2 J
+ S<n<-------------------------- V -z.
•z - z0 z + zo
1 7
(z - z ) 2 ( z  + z ) ‘
(D.7)
where upon d iffe re n tia tio n  equation (D.6) becomes
$ ' (z) = -S '
(z + Z0 ) 2 (Z -  z0>2'
■s<
(z + ZQ) 2 (z - z0) 2
(D.8)
and upon integration equations (D.6) and (D,7) become
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<|>(z) = S [ Log(z + zQ) - Log(z - zQ) ]
+ S [ Log(z + z ) - Log(z - zQ) ] (D .9 )
{4iKz) = S {  nfl-og(z - zQ) - Log(z + z H  +  z Q<  +
+ S < n* Log(z -  zQ) -  Log(z + zoj -0-
1 T )
z -  z n z + z n 0 0
z  -  z„ z + z n, 0 0
(D .10)
Equations (D.6) through (D.10) are the required stress functions, 
d eriva tive , and integrals to compute stresses and displacements from 
equations (D .l)  through (D.14) fo r figure D .la .
The stress functions for load condition 2 shown on figure D.lb 
were obtained in the following manner. Following Muskhelishvili (1975), 
a new stress function ft(z) was introduced which is related to the 
previously discussed stress function by the equation
w(z) = Q(z) - $ (z) - z $ '(z )  (D . l l )
where
n(z) = ft(z)
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The required stress functions, $(z) and ft(z ), can be 
determined fo r pressure acting on a single crack as (Muskhelishvili 
1975)
1 I ( t ) p ( t ) d t  1 q (t)d t
$D(z) =   / a   + ------- / a ----------- (D.12)
p 2-rri I ( z ) -a t  -  z 2iri -a  t  -  z
1 I ( t ) P ( t ) d t  1 q (t)d t
fln(z) = ----------  / a --------------------------------/ a ---------------  (D. 13)
p 2 ir il(z ) -a t  -  z 2tt1 -a t  - z
with
crack length
I ( z )  = /z *  -  a *  a =
and
1 + 1 + - 
p( t )  = -  (oy  -  a / )  -  -  (T xy  -  Tx y )
1 + - 1 + - q (t )  = -  (a  -  a  ) -  -  (T  -  T )
(D .14)
y y xy xy'
ay and ?xy are normal and shearing stresses acting on the crack 
surfaces respectively (the plus sign indicates the upper surface of 
the crack while the minus sign indicates the lower surface.) P (t)
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and q (t )  are to ta l normal and shearing pressures which act on the 
crack surfaces. As mentioned previously, the stresses which acts 
on the crack surface in figure D .lb is equal to the magnitude but of 
opposite sign to the stress caused by four point loads acting on an 
uncracked sheet. Therefore, the functions, $ ( z )  and t ( z ) ,  shown 
in  equations (D .6) and (D .7 ), which are solutions fo r point loads on a 
continuous sheet, can be used to find  P (t) and q ( t ) .
The normal and shearing stresses acting on the crack were 
calculated (Muskhelishvili 1975) in terms of equations (D .6 ), (D .7 ), and 
(D ,8 ), as
Substituting equations (D .6 ), (D .7 ), and (D.8) into equation (D.15) 
yields
°y " iTxy = ^ Z  ̂ + + z$' ^  +
(D.15)
ay " iT xy = a ( z *zo) + a ( z ’ z0 ) (D.16)
or
Oy -  iT xy = 2Real (a (z ,z Q)) (D.17)
where
a (z ,z Q) = S
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Equation (D.16) shows that no imaginary term exists. Consequently,
T is zero. Also, a  has the same value along the x-axis independent xy y
of the d irection in which the x-axis is approached, Consequently, 
a + = oy". Therefore, with consideration given to the above statements 
and equations (D .14), the to ta l pressures on the crack are
P (t) = a ( t ,z 0 ) + a ( t ,z 0 )
(D .19)
q ( t )  = o
As a resu lt of the above s im p lifica tion s, equations (D.12) and (D.13) 
become equal to each other and are expressed as
1 I ( t ) P ( t )
$ (z) = Jl(z) = ------------  /  a   dt (D.20)
27ri I (z) -a t  -  z
The integral in equation (D.20) was evaluated by contour 
in tegration along the contour shown in figure D.2 by using the 
Residue theorem given as (Wylie 1960)
/  f(z )d z  = 2iri I  Residues (D .21)
c
where the residue fo r simple poles is given as
.M -  11
(M -  1)! z -> a Id
M
Residue = --------------  lim ( — m T -! ( z " a ) f (z ) )  (D .22)
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Fig. D.2. Path for contour integration
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The contour shown in figure D.2 can be broken into several sections. 
Thus, equation (D.19) becomes
/  A(s) + f A(?) + f A(?) -  /  A U) + S A(c)
r x r 2 r 3 r ,  r 5
- /  A(e) + /  A(e) = 2-rri £ Res (D.23)




A(c) = ------------------------  dc, ? = t  + iS
? -  z
On figure D.2 the integral is  evaluated along the contour as R
approaches in f in ity  and e approaches zero. Each of the contours
can be expressed as follows.
Ke) P(S)
/  A(c) = lim  / -----------------  d£
r i € - 0
Let z, + a = ee^0 d? = iee^0d0
ie  ^ e2e10 -  2aee10 P(ee10 -  a)e10dG
" /  A(c) = lim /  0 ---------------------Yp>------------------------------------
r i e -  o 21T ee -  a -  z
(D.24)
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likewise fo r r ? le t  5 -  a = ee i 0
ie  ^/e2e1'® + 2aee^0 P(ee 0̂ + a)e^0d©
" / r  A(c) -11m ; u
2 e -»■ 0
IT
ee10 + a -  z
(D .25)
for r
/  A(c) = f
-a
I ( t )  P (t)d t
t  -  z
(D.26)
likewise
I ( t )  P (t)d t
/  A(?) = /
-a  t  -  z
I ( t )  P (t)
f  a ----------------- dt
-a t  -  z
(D.27)
Noting that Muskhelishvili (1975) showed that I ( t )  = - I ( t ) fo r  
 ̂ < a, equations (D.26) and (D.27) can be combined to give the 
integral on the le f t  hand side of equation (D.20) as
f  A U ) = S A(?) = 2 /
-a
I ( t )  P (t)d t
t  - z
(D.28)




I ( t )  = I ( t )  for ? > a
the sum of the next two segments of the contour integral equals 
zero, because
+ +
I ( t )  P (t )d t  I ( t )  P (t)d t
/  Ate) - / R   s Ate) - / a ----------
r a t - z  r R t - z
5 fi
so that
f  A(?) + S A(c) = 0 (D.29)
r s r 6
The la s t  contour segment can be evaluated as
I(S ) PU)d£
/  A(?) = lim /  -------------------
Let r, = Re1'0 ^ ?  = Rie10d0
Ri \ l R2e2i0 -  a2 P(Re10)dG
2TT
" f  A(?) = lim /   r=:----------------------  (D.30)
r_ n . 0 Re -  z7 R oo
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Substituting equations (D .24), (D .25), (D.28), (D.29), and (D.30) 
into equation (D.23) and rearranging the terms y ie ld  the desired 
integral as
I ( t )  P (t)d t  1 ieve2^ 0- 2aee^0P(ee 0̂ -  a)d0I* a o
-------------------= iri EResidues -  lim -  /  ----------------------------------------------- -
- a  4 -  _  r> t t
et - z  . q 2 27r ee - a - z
1 ie^/e2e10 + 2aee10 P(ee10 -  a)e10d0
- l i m  -  f ~ " --------------------------------------
n  2  tt ee + a - ze -*■ 0
Ri\|R2e-2i0 -  a2 P(Re10)d02ir *
where P(t) is given by equation (D.19). As an example, equation 
( D.31) was calculated for the f i r s t  term of P ( t ) .  For this case 
the expression to consider was chosen as
1(C) P(c) -41(c) SzQ -4Szq
 —  = -----------------------------  , P (t) = — --------- ---------------
C - z ( c 2 -  z02) U  "  z) 1 ( t 2 -  z02) ( t  -  z)
(D .32)
1
-  1 im — 
R + oo 2
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The residuals fo r  expression (D.32) were calculated with equation (D.22). 
They become
To insure single valuedness of the stress functions, values of I (s )  
must be chosen so that they l i e  on the same branch. Values of I(<;) 
w il l  l i e  on the same branch for a l l  values for ? i f
The two possible values of 1( 5) are the complex numbers wQ and -wQ. 
Hence, equation (D.34) requires that I ( z Q) equals wq and that I ( -z Q) 
equals -w , or simply that I ( z Q) = - I ( - z 0 ). With the proper values 





i ( c )
1 im = 1 (D.34)
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4S
Residual  ----------------  ( z l ( z n) -  z _ I(z ) )  (D.35)7 2 y2 0 0
0
In order to evaluate equation (D.31) the lim its  of three 
integrals must be taken. The f i r s t  two integrals involve lim its as 
e ■+ 0 (equations (D.24) and (D .25 )) . The evaluation of these lim its  
is sim ilar for both equations. The l im its  can be obtained by rearranging 
the terms in the integrand so that they can be expressed by a simple 
binomial series as
n(n -  1)
(x + y ) n = xn + nxn-1y + --------------  xn“2y2. . . (y2 < x2) (D.36)
2 !
or
(1 ± x) _1 = 1 + x + x2+ x 3 + . . .  (x2 < 1) (D.37)
With the use of the f i r s t  term of P (t)  as shown in (D.32), as an 
example (D.24) can be expressed
-4z ie  \ j e 2 e 2 ^® -  2aee'1"®e1'®d0
s  °
(ee1'0 -  a + z )(ee10 - a - z j ( e e 10 - a -  z)
0
(D.38)
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The term Vee21 0 -  2aee10 in equation (D.39) can be expressed 
of equation (D.36) as
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Substituting equations (D .39), (D.40) and sim ilar expressions for the 
remaining terms in the denominator of equation (D.38) into equation 
(D.38) yields an expression as
(D.41)
whose l im it  is zero. Equation (D.25) can be evaluated-by s im ilar means.
The result fo r P( t ) as shown by (D.32) is also zero.
Equation (D.30) can also be evaluated by a lim iting  process and
by the use of equations (D.36) and (D.37) as R °°. For this case, 
the integrand has to be arranged in a manner that makes the expansions 
for equation (D.36) and (D.37) valid for large values of R. For exam-* 
pie, for the f i r s t  term of P (t)  as given by (D.37), equation (D.30) 
can be expressed as
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By substituting the appropriate expansions for the terms in the integrand 
of equation (D.42), the l im i t  as R increases without bound gives 
the value of equation (D.42) as zero.
S im ilarly , equation (D.31) can be evaluated for a l l  terms of 
P(t) contained in equation (D.19). All of these terms were combined, 
sim plified, and substituted into equation (D.20) to y ie ld
®(z,z0 ) = n (z ,z Q) = S B(z,zQ) + S B(z,zQ) (D.43)
where
-4z, 2nzr z - z. z + z.
B(z , z q ) = -
2 1 z ' V  z • zo2 (z ■ zo>2 (z + zo)2
z„ -  z„ 0 0 a  ̂ -  zz. a *  + zz.
2 I(z 0 ) I ( z )  j (zQ - z ) 2 (zQ + z ) 2
I ( z )
K z 0)
z 2 - z2
T̂I tz0 )
v - z2 (D.44)
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With the use of equation (D.43), which shows $(z) and fi(z) 
to be equal, and equation ( D . l l ) ,  W(z) was expressed as
H'(z) = $(z) -  $(z) -  z $ '(z )  (D.45)
where $(z) is given by r igh t hand side of equation (D.43). To 
evaluate equation (D.45), the derivative of $(z) was required. Hence, 
the derivative of B(z,zQ) was required because
d$(z)
® '(z) = ----------  = SB'(z,z ) + SB'(z,z ) (D.46)
dz o o
Using a symbolic manipulation system, MACSYMA (1975), written  
in LISP programming language, the derivative of B(z,zQ) was found 
to be
B ' ( z ,z 0) = -2z0
u2 - V )2
3z„2z + z2zA - 4z 3 o o  o o
(zQ -  z ) 3 (zQ + z ) 3
I ( z )
'n I (z 0 ) (a 2zQ2 - 2 z k + a2z2)
z2 -  a2 ( z n 2 -  z2) 2
I ( z 0 ) (a 2zQ2 -  2Z* + a2z2)
(z02 -  z2) 2
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+
z 2 + zz0 -  2a2 z 2 -  zzn -  2a2 o o  o o
+
z 0 zz + a2 o
+
z2 -  a2 (zQ -  z ) 2 (zQ + z) 2
(D.47)
To complete the evaluation of the functions used in equations 
(D .l)  through (D.4) for pressure acting on the crack surface, the 
integrals of §(z) and y (z ) given by d>(z) and ijj(z) respectively 
were determined. As shown by equation (D.45), once cj>(z) is found 
ip(z) is also determined. To evaluate <t>(z) by integrating (D.43) 
the integral of B (z,zQ) was determined (evaluation of the integral 
of B(z , zq) is the same as for the integral of B(z,zQ) except that 
zQ is replaced by Zq).
Many of the terms in B(z , zq) are easy to integrate by using 
standard rules of calculus. However, those terms which contain I ( z )  
in the denominator require some rearrangement before the integration  
is attempted. For example, integrals of the type
dz
I l ( z )  = f (D.48)
I ( z ) ( z 0 -  z)
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appear frequently and were integrated as follows. F irs t ,  a change 
of variables was made by le t t in g
z = asinO, dz = acosGdG 
With the restr ic t io n  that |z| £  a, equation (D.48) became
dz acos0d0
11 (z) = /  ------------------------ = /  ----------------------------  (D.49)
I ( z ) ( z 0 - z) 1( z ) ( z q  -  asin0 )
Next, the trigonometric re la tion sin20 + cos20 = 1 was used 
to express cos© as
\J  a2 - z2
cos0 = ---------------- (D.50)
a
At this point care must be taken to choose the correct value of the 
multi-valued function. The correct value was assured by requiring 
equation (D.34) to hold. For example, I ( z )  can be written as
I ( z )  = Vz2 -  a2 = i \/ a2 -  z2 or -  i \ / a 2 -  z2







± i\ [c 2 - 7 2
= 1
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I ( z )  = -  i \/a2 -  z2 or \ l a2 -  z2 = i l ( z )  (D.51)
Substituting equation (D.51) into equation (D.40) and that result  
into equation (D.49) yields the result
dz d0
/  --------------------- = i S  -----------------  (D.52)
I ( z ) ( z Q -  z) zQ -  asine
which can be integrated by using standard integral tables.
Burlington (1973) gives the value of the integral in (D.52) as
d0 -1 f - a  + zQsin0 + ^ a 2 - zo2cos0”"
/ -------------------  = - Log < -----------------------------------------------
zQ - asin0 \ j a2 - zQ2 I zQ -  sin0
(D.53)
Making the appropriate substitutions of
sin© = z/a  
cos0 = i l ( z ) / a
\ l a2  -  V  = i I ( zo)
gives the result of (D.48) as
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dz
I ( z ) ( z Q - z)
Log
■a2 + zzQ - I (zQ) I (z)'
a (Zn - z)
(D.54)
The development of equation ( D.54) was restricted to values of 
|z| < a. However, for values of |z| > a the substitution z = aCSC 0 
can be made and a similar process repeated. The results of this integra­
tion are identical to equation (D.54). Consequently, equation (D.54) 
is valid  fo r  a l l  values of z (the same can be shown to be true for  
a l l  values of zQ).
After much labor and sim plification the integral of B(z,zQ) 
was found to be
B I(z ,z0 ) = -   ̂ Log(z + zQ) -  Log(zQ - z) + n Log(z0 -  z) - Log(z + z£
where
2<zo -  zo>
z2 - z 2
I (z )
,z -  z '+ X I(z ,z 0 ) -  nX I(z ,z0)J
(D,55)
X I(z ,z Q) = Log <
(zzQ -  a2 -  I ( z ) I ( z 0 ) ) ( z 0 + a)' 
(zzQ + a2 -  I ( z ) I ( z 0 ) ) ( z 0 -  z)
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Therefore, integration of equation (D.43) can be expressed as
<|>(z,z0 )su)(z,z0 ) = /$ ( z ,z Q)dz = /^ ( z ,z Q)dz = SBI(z,zQ) + SBI(z,zQ)
(D .56)
By integrating equation (D.45), i p ( z )  can be expressed in terms of 
equation (D ,56) as
4*(z) = $(z) -  z$(z) (D.57)
Therefore, in summary, the functions required to evaluate 
equations (D .l)  through (D.4) for the cracked metal sheet which has a 
stress applied to the crack surface (equal in magnitude but of 
opposite sign to the stress along the crack l in e  for a solid sheet) 
are given by the equations (D.43), (D .45), (D .56), and (D.57).
Green's Functions fo r Stress
As mentioned previously, the solution for the cracked sheet is 
obtained from superposition of the stresses from the two loading 
conditions shown on figure D.la and D.lb. The stress functions 
for these two loading conditions, which were developed in the previous 
sections, were used to obtain the stresses in each loading condition. 
The stresses fo r the two conditions were then added to form the Green's 
function for stresses for the loading condition shown in figure D.lc.
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The stress state fo r four point loads acting on a solid sheet 
shown on figure D.la was found by substituting equation (D.6) ,
(D .7), and (D.8) into equations (D . l ) ,  (D .2), and (D .3). The result  
is ,  in terms of the coefficients of the X and Y point loads:
a = Real{G1 - G2 -  G3)X + Real{G1A - i(G2 - G3)}YA
ay = Real{Gl + G2 + G3}X + ReaHGlA + i(G2 -  G3)}Y (D.58)
= Img {G1 + G2 + G3}X + Img {G1A + i(G2 -  G3)}Y
x y
where
Real f  -2z_
G1 = -------------------  1 --------------
" t 1 + (  z2 -  zo2
Real r  f  -2z0
Glfl = -----------------  <--------------
M l  + n)t„, [  ( z 2 -  z02
1 f  2n70
G2 = -----------------  { -------- —
2M 1 + nit,,, [ z 2 -  z02
2z.
z2 '  zo2
(D.59)
2zo 1
z2 -  zo2
(D.60)
+ z z -  z o o
( z + z0) 2 (z -  z0 ) 2 '
(D.61)
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2 r \z r z o +  2 zo '  z
63 =
2tt(1 + n ) t m [  z2 -  zQ2 [ ( z + zQ) 2 (z - zQ) 2
(D.62)
The stress state for the stress applied to the crack surface, 
as shown on figure D .lb , was found by substituting equations (D.43), 
(D .45), and (D.46) into equations ( D . l ) ,  (D .2 ), and (D .3). After  
several algebraic manipulations, the resu lt was found to be
a = Real{2G5 - G7} X + Real{2G6 - G8}Y
A
a = Real{2G5 + G7} X + Real{2G6 + G8}Y (D.63)




2 tt( 1 +  n ) t m
B(z , z j  + B(z,z ) ►
2ir(l + n)t.m
G7 =
(z -  z) 
2ir(l + n)t, 
i ( z  -  z)
m
G8 =
2 tt(  1 + n)t.
B (z,zQ) -  B(z,zQ)
B' (z ,z Q) + B '(z ,z 0 )}
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Superimposing the stresses from the two loading conditions by 
adding equations (D.58) and (D.63) and taking the coefficients of the 
X and Y loads for the d if fe re n t stresses yielded six Green's 
functions for stress as
GS = Real{G1 -  G2 -  G3 -  2G5 + G7) (D.68)
XX
GSyv/ = Real{G1A - i(G2 -  G3) -  2G6 + G8} (D.69)xy
GSyx = Real{G1 + G2 + G3 -  2G5 -  G7> (D.70)
GSyy = Real{G1A + i(G2 -  G3) -  2G6 -  G8} (D.71)
GS(xy) x = Img {G1 + G2 + G3 '  G7)} (D,72)
GS(xy)y = Img -CGIA + i(G2 -  G3 -  G8 )} (D.73)
where the f i r s t  index on GS indicates the stress and the second 
indicates the load responsible for i t .  For example, GSyx indicates 
the ay stress at point z due to a unit load applied in the x- 
direction at point zQ.
The Green's functions given by equations (D .68) through (D.73) 
were verif ied  with the use of a f in i t e  element program developed 
by Y. K, Cheung and I .  P. King and documented in Zienkiewicz's book 
(1971). The f in i t e  element model used for the test case is shown in 
figure D,3, Because of symmetry only the f i r s t  quadrant of the cracked




point of load applicationi
Fig. D.3. F in ite  element mesh used to check Green's functions
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sheet was modeled; the crack was simulated by freeing the nodes in the
y-direction along the x-axis from the orig in to x = 1.5 inches.
Point loads of X = 1 and Y = 2 were applied to the model a t the
point z Q = 2.5 + 2 .5 i .
The f in i t e  element results were compared to the Green's functions
results. For the comparison, the stresses were calculated along the
line  z = x + 1.25i by equations (D .68) through (D.73) and with f in i t e
elements. F in ite  element values of stresses along this line  were
taken as the average of two elements midway between y-coordinates of
the nodes. On figure (D.4) the dotted l in e ,  dashed l in e ,  and solid
lin e  indicate a  , a  , and a  stresses respectively, obtainedx y xy
with the Green's functions while the symbols represent stresses obtained 
from the f in i t e  element solution. The comparison was good and verif ied  
the Green's functions within the accuracy of the f in i te  element model.
Green's Functions fo r  Displacements
The displacement f ie ld  for the solid sheet under four point 
loads as shown on figure D.la was found by substituting the stress 
functions $ (z ) ,  ^ (z ) , and ^ ( t )  shown in equation (D.8 ) ,  (D .9 ),  
and (D,10) respectively into equation (D .4). The result is
2G(u + iv )  = SFp(z ,z 0) + SFq( z , z0) (D.74)
where









f in i te  element
Eq. D.63
x, inches
Fig. D.4. Verif ica tion  of Green's functions for stresses in a 
cracked isotropic sheet
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
The displacement f ie ld  fo r stress on the crack as shown in figure  
D.lb was found by substituting the equations for the stress functions 
cj>(z), ip (t) ,  and $(z) shown in equations (D .56), (D .57), and 
(D.43) into equation (D.4). The resu lt is
2G(u + iv ) = SFQ(z ,z 0 ) + SFQ(z ,z 0 ) (D.76)
where
FQ(z ,z 0 ) = -n B I(z ,z Q) + B I(z , zq) -  (z -  z )B (z,zQ) (D.77)
Superimposing the displacement equations for the two preceding 
equations yields the displacement f ie ld  for the load condition shown 
on figure D.lc as
2G(u + iv )  = s | f p(z ,z 0) - F0U >z0)j
+ s |Fp(z ,z0 ) -  F0(z»z0 ) j  (D-78)
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Equation (D.78) was sim plified , a f te r  lengthy algebraic manipulations. 
The result was found as
where
with
2G(u + iv) = Sg(z,zQ) + Sg(z,zQ)
= n | r<g(z ,zQ)  jRe XA(z,z0 ) - XC(z ’ zo>]
{n+ 0.5<n2XB(z,zo) + XB(z,z0 )J + XC(z,z0)
zzo -  z0z 
+ 2 { — ----------------+ (z -  z )B (z ,z0 )
XA(z,z ) = -  Log
zzQ - a2 -  I ( z q ) I(z)"  
zz0 + a2 -  I ( z Q) I ( z )
XB(z,z ) = Log
"zz0 -  a2 -  I ( z 0 ) I ( z )  
zz0 + a2 -  I ( z q) I ( z )
z + z.
zo -  21
zo '  zo
XC(z,z ) =   r
z -  z_
I(Z )
z -  z
0 >(I0)
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The Green's functions for displacements were obtained from 
equation (D.79) by forming coefficients of the X and Y loads 
for the u and v displacements. The result was
with
DGx x  =  c o  Real(g(z,z0 ) + g (z ,zQ)) (D.80)
DGxy = c0 R ea l( i(g (z ,zQ) -  g (z ,zQ) ) ) (D.81)
DGyx = co Img (9 (z »z0 ) + g(ZjZo ^ (D.82)
DGyy = cQ Img ( i (g ( z , z Q) -  g (z ,z0) ) ) (D.83)
co = 4Gt. tt( 1 + n) m
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where the f i r s t  index of GD indicates the displacement and the 
second indicates the load responsible for i t .
The Green's functions for displacements given in equations 
(D.80) through (D.83) were verif ied  with the f in i te  element model 
discussed in the previous section and shown on figure D.3. A 
comparison of the displacements calculated from the Green's functions 
and the f in i t e  element solution is shown on figure D.5. The comparison 
is made along the line  z = x + 2i where the f in i t e  element
displacements are taken from the nodal points of the model. In the 
figure the solid and dotted lines indicate the u and v displacements 
calculated with the Green's functions while the symbols represent 
values obtained from the f in i t e  element solution. The agreement is 
good and verif ies  the Green's functions within the accuracy of the 
f in i t e  element model.

















f in i t e  element
x
Fig. D.5. V erif ica tion  of Green's functions for displacements 
in a cracked isotropic sheet
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APPENDIX E
GREEN'S FUNCTION FOR AN UNCRACKED 
ORTHOTROPIC SHEET
Lekhnitskii (1968) gives the stress and displacements in an




| ^ i  <M z2; 
^Si*x' (zx]
in terms of two stress functions,
+ s22$2 ' (z2)j (E. 1)
V (z2)j (E.2)
+  S 2$ 2 ' ( z 2 ) l (E. 3)
u = 2Real|p1$1(z 1) + P2$ 2 ' ( z 2 ) |  -  wQy + uQ
v = 2Real jq^i(Zi) + q2$2(z2)j + V  + vo
(E.4)
(E.5)
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where E , E , G , and v are the e lastic  moduli and Poisson's x y xy xy
ra tio . Leknitskii (1968) proved that the roots, sx and s2,
could not be purely real fo r  real materials but are purely imaginary
or complex. The complex roots occur in conjugate pairs and sx and
s are d is tinc t roots, i . e .  not complex conjugates. The following 
2
were defined





P. = r  -  vxy> P2 '  ~  (s22 -  vxy> (E' 7)
X Lx
1. - 7 7 - - V . 2) V - ( 1 - V Sa2) (E-8)
1 y 2 y
Note that wQ, uQ, and vQ in equation (E.4) and (E.5) are r ig id  
body rotations and translations respectively and
d*x(z 2) d$2(z2)
$ ' (z ) = ------------  , $2' ( z  ) = --------------
1 dZj dz2
The two required stress functions for a point load acting on a 
solid , orthotropic sheet were given by Lekhnitskii (1968) as
(z 2) = AcLogzi M za) = BcLogZ2
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where A and B satisfy the equations (fo r material axis concurrent c c
with the axis of orthotropicity)
Ac + Bc ■ Ac -  Bc =
s 2A_ + s 2B„ -  s 2A„ -  s 2B_ i c 2 c i c 2 c
2irtcf
-X
s A + s B -  s A -  s B = i c 2 c i c 2 c 2r t ci
"vxyY
2irtc1
Ac Bc Ac Bc V
s s s s 2Trt„i1 2  1 2  c
(E. 10)
With the use of the preceding equations, stress functions for 
point loads acting on a unidirectional boron/epoxy composite were 
developed. For this material the material constants are
E = 0.27 x 107 psi Ev = 3.0 x 107 psi x y
Gxy = 0.7 x 106 psi vxy = 0.019
With these material constants, the roots of equation (E .6) were found 
to be purely imaginary as
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s = ±0.153i s = ±1.95i
1 , 3  2 , 1 *
For purely imaginary roots equations, A and B were found from
v V*
equations (E.10) as
Ac = Cl 1 X + i C12 Y ( E . l l )
Bc = C21 X + i C22 Y (E.12)
where
s ( s 2v + 1) s 2 + v2 i xy ' i xy
cn =   ci 2 =
4irt ( s 2 -  s 2) 4irt ( s 2 -  s 2)
c 2 1 c 2 1
s i (s , 2 V  + 1) s22 + vxy
C21 = -  --------------------------  C22 =
47r t ( s  2 - s 2) 4nt (s 2 -  s 2)
C 2 1 1 - 2  1
Using equations ( E . l l )  and (E.12) and translating the origin  
so that the s ingularity  occurs at the point zQ, equations (E.9) 
became
$ (z . ,w .)  = (Cll X + i C12 Y)Log(z -  w )
1 1 1  1 1
(E-13)
$ (z ,w ) = (C21 X + i C22 Y)Log(z - w )2 2 2 2 2
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where w = x. + s y n w = x. + s y1 0 i 0 2 ° 2 °
Equations (E.13) were used to construct a solution fo r four 
point loads acting on a solid  orthotropic sheet as shown in figure E .l 
The resu lt was
$ (z ,w ) = Cll G8(z ,w )X + i Cl2 G9(z ,w )Y
i l l  i i  i i
$ (z ,w ) = C21 G8(z ,w )X + i C22 G9(z ,w )Y 
2 2 2 2 2 2 2
(E.14)
where
G8(z,w) = Log(z -  w) -  Log(z + w) -  Log(z + w) + Log(z -  w)
(E.15)
G9(z,w) = Log(z -  w) + Log(z + w) -  Log(z + w) -  Log(z -  w)
(E -16)
The derivatives of equations (E.14) were found to be
$ ’ (z ,w ) = Cll G8 ’ (z ,w )X + i C l2 G9'(z ,w )Y 
1 1 1  1 1  2 2
$ 1(z ,w ) = C21 G8 '(z  sw )X + i C22 G9'(z ,w )Y 
2 2 2 1 1 2 2
(E.17)
where




Fig, E .l .  Location of point loads on orthotropic sheet
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2w 2w
G8 ' (z,w) = + ( E-18)
2w 2w
G9‘ (z,w) = (E.19)
Equations (E.13) and (E.17) can be used in equations (E .l)  
through (E.5) to describe the stresses and displacements in the 
orthotropic sheet.
Green's Functions fo r Stresses
The Green's functions fo r stresses were developed by 
substituting equations (E.17) into equations ( E . l ) ,  (E .2 ), and (E.3) 




where the Green's functions are given by
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HSWW = 2RealI i js  2 C12 G91 (z ,w ) + s 2 C22G9' (z ,w )U  (E.24) 
xy I I 1 1 1  2 2 2 ']!
HS = 2Real< Cll G8 1 (z ,w ) + C21 G8 ' (z ,w ) l  (E.25)yx I i i  2 2l
HS.„. = 2Real< i |  Cl2 G9‘ (z ,w ) + C22 G9' (z ,w ) l  I  (E.26)yy I J i i  2 2 11
HS(xy)x = - 2Reall s.C ll G8 1 (z ,w ) + s C21 G8 ' (z ,w )] (E.27)
HS(xy)y " “2Real
js Cll G8 1 (z ,w )   C21 G8 ' (z ,w )(
1 1 1 1 2 2 2 1 I J
j i  j s1 C12 G9' (z ^ w ^  + sz C22 G9' (z g ,W2) | j  (E.28)
To v e rify  these Green's functions, stresses computed with equa­
tions (D,20) through (D.22) were compared to f in i te  element resu lts . 
The model used fo r the f in ite  element solution is identical to that 
shown in Appendix D on figure D.3 except that no nodes were freed 
along the x-axis to simulate a crack. The f in ite  element program used 
is documented by Zienkiewicz (1971) as mentioned in the previous 
appendix. However, the program as given by Zienkiewicz does not have 
orthotropic capab ility . Therefore, i t  was modified by introducing 
the orthotropic s tiffness matrix for plane stress given by 
Zienkiewicz (1971) as
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[D] =





where n = —  and m = -----
Ey Ey
0 M(1 -  nvyx2)
in place of the isotropic
stiffness matrix in the program.
The comparisons between the stresses along the lin e  z = x +
1.25i are shown on figure E.2 on which the dotted lin e , dashed lin e ,
and solid lin e  indicate the a , a , and a  stresses respectivelyX y xy
from the Green's functions. The symbols on the figure indicate the 
same stresses obtained from the f in ite  element solution. The 
comparison was good and v e r if ie d , within the accuracy of the f in ite  
element model, the accuracy of the Green's functions fo r stresses.
Green's Functions for Displacements
The Green's functions fo r displacements were developed by 
substituting equations (E.14) into equations (E .4) and (E .5 ). Because 
of the symmetry of the loads the rig id  body ro ta tion , wQ, and the 
r ig id  body translations, uQ and vQ, are zero in equations (E .4) and 
(E .5 ). The results are
u = HDxxx HV
v = HV HV
(E.29)
(E .3 0 )












along th is  lin e10
5
n
¥ — - a -  «£V —  ^  r y
> 5




Fig. E.2. V erifica tio n  o f Green's functions for stresses in 
an uncracked orthotropic sheet
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where the Green's functions are given by
HDVV = 2Real |p  Cll G8 (z ,w ) + p C21 G8 (z ,w ) (  (E.31)
X X  I i  1 1  2 2 2 1
1 i |p Cl2 G9(z ,w ) + p C22 G9(z ,w ) ( }  (E.32)
|  1 1 1 1 2 2 2 I I
HDxy = 2Real
HDWW = 2Real| q Cll G8 (z ,w ) + q C21 G8 (z ,w ) l  (E.33)
yx j l 1 1 2 2 2 1
j" i j q i C21 G9(zj ,wi ) + q2 C22 ^ ( z ^ w j j j  (E.34)HDyy = 2 Real
With the use of the f in ite  element model shown in figure D.3, 
equations (E.31) through (E.34) were v e rifie d  by comparing the displace­
ments along the lin e  z = x + 2i calculated with equation (E.29) 
and (E.30) shown on dotted and dashed lin e , respectively, on figure
E.3 with the displacements calculated with the f in i te  element program. 
The comparison is good and w ithin the accuracy of the f in i te  element 
model v e rifie s  the Green's functions fo r displacements in the 
uncracked orthotropic sheet.













-0 .5  x 10
7
•  •
g . « « & •!* - !— _ —
L • J
x, inches 





Fig, E.3, V erifica tion  of Green's functions fo r displace­
ments in an uncracked orthotropic sheet
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APPENDIX F
COMPUTER PROGRAM TO PREDICT CRACK 
AND DEBOND GROWTH
The analysis developed in Chapters IV and V to predict crack 
growth in reinforced systems requires the use o f a d ig ita l computer 
to perform numerical integration and solve large systems of simultaneous 
equations. The analysis was programmed in FORTRAN IV for use on the 
NASA Langley Research Center (LRC) CDC 6600 computing system. However, 
no special system routines were used in the program, and the program 
should be usable on any computing system that uses a FORTRAN IV 
compiler, With the exception of the Gaussian elim ination subroutine 
SIMQ, the program is a ll orig inal code.
For economical reasons the user should be aware of the central 
processing time (CP) and central memory (core) required to execute 
the program, The CP time is prim arily a function of the numerical 
integration of the Green's functions. Several integrations are 
required fo r each shear element, i .e .  elements of region B shown on 
figure 8 , Consequently, the CP time requirement is a function of the 
number of shear elements and can vary from a few to several thousand 
seconds depending upon the number of elements. The core requirements 
are also a function of the number of shear elements. Each element
185
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contains two unknown shear stresses, f  and f  . The number ofy £
rows and columns of the square, fu l ly  populated co effic ien t matrix 
used to solve for these stresses is two times the number of elements. 
In the program the dimensions are set fo r f i f t y  shear elements 
(100 unknowns), but the program can accomodate more elements i f  the 
array Z9(10,000) in the program is enlarged. For f i f t y  elements the 
core requirement is 137K octa l.
Data are read in the program via a NAMELIST with the following  
defin itio ns:
E3 modulus of the cracked sheet
T2 thickness of the cracked sheet
VI Poisson's ra tio  of the cracked sheet
E4 modulus of the composite sheet in the y-d irection
(loading-axis)
E5 modulus of the composite sheet in the x-d irection
V4 Poisson's ra tio  of the composite sheet for a load applied
in the x-d irection  
GC shear modulus o f the cracked sheet
T4 thickness of the reinforcement sheet
TAD thickness of the adhesive layer
GAD in i t ia l  e ffec tive  shear modulus of the adhesive 
GAD2 secondary e ffec tive  shear modulus of the adhesive
SYIELD y ie ld  stress of the bulk adhesive in uniaxial tension
A1 in i t ia l  crack length in metal sheet
F in i t ia l  aspect ra tio  o f the debond e llip s e
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NC number of columns of interlam inar sheat elements
NR number o f rows of interlam inar shear elements
FCYC fin a l number of applied load cycles 
S remote applied stress applied to the reinforced system
in the y -d irec tio n
As an example a sample run was made fo r one ite ra tio n . Figure
F .la  shows the model p rio r to the ite ra tio n  and figure F .lb  shows 
i t  a fte r  the ite ra tio n . The sample NAMELIST input fo r the run was 
as follows;

































































$1NPU E3=l. 0E+07,T2=.1 56 ,VI= .3 0 ,E4=3. 0E+07, E5=3. 0E+06, V4=.02 ,GC=7.0E+05, 




MODULUS OF THE CRACKED SHEET
THICKNESS OF THE CRACKED SHEET
POISSONS RATIO FOR THE CRACKED SHEET
COMP MODULUS PARALLEL TO LOAD
COMP MODULUS TRANSV TO LOAD
SHEAR MODULUS OF COMPOSITE
COMP POISSONS RATIO TRANSV TO LOAD AXIS
THICKNESS OF THE REINFORCEMENT SHEET
MINOR AXIS HEIGHT IN PER CENT CRACK LENGTH
REMOTE APPLIED STRESS
NUMBER OF COLUMNS FOR BOUNDARY POINTS
NUMBER OF ROWS FOR BOUNDARY POINTS
FINAL NUMBER OF APPLIED LOAD CYCLES
INITIAL CRACK LENGTH
ADHESIVE THICKNESS
SHEAR MODULUS OF THE ADHESIVE
SECONDARY SHEAR MODULUS AFTER YIELDING
YIELD STRESS OF MODULUS IN UNIAXIAL TENSION
METAL SIGM-X= .269E+03 SIGM-Y= .200E+05
COMPOSITE SIGM-X= -.150E+04 SIGM-Y= .559E+05
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NODE NUMBER X-COR Y-COR
1 . 990E-01 .1 25E+00
2 . 297E+00 .121E+00
3 .495E+00 . 113E+00
4 . 693E+00 . 988E-01
5 .891E+00 -765E-01
6 . 990E-01 .373E+00
7 .297E+00 . 365E+00
8 .495E+00 . 349E+00
9 .693E+00 .323E+00
10 .891E+00 .285E+00
11 . 990E-01 . 622E+00
12 . 297E+00 .613E+00
13 .495E+00 . 593E+00
14 .693E+00 . 563E+00
15 .891E+00 .521E+00
14 ELEMENTS HAVE YIELDED AT .189E+05
YIELDED ELEMENTS
3 2 1 4
8 7 10 6
THE YIELD MACROSCOPIC STRESS IS .716E+04
ELASTIC
NODE DEBOND HEIGHT X-COEFFICIENT Y-COEFFICIENT
1 .125 .300E+01 .849E+04
2 ,121 .279E+02 .859E+04
3 .113 .100E+03 .864E+04
4 .099 .327E+03 .847E+04
5 .076 .111E+04 .667E+04
6 .373 .346E+02 .256E+04
7 .365 .130E+03 .266E+04
8 .349 .328E+03 . 276E+04
9 .323 .806E+03 .276E+04
10 .285 .191E+04 .220E+04
11 .622 .916E+02 .117E+04
12 .613 .293E+03 .119E+04
13 .593 .560E+03 .117E+04
14 .563 .983E+03 .108E+04
15 .521 . 180E+04 .807E+03
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WITH PLASTICITY
NODE DEBOND HEIGHT X- COEFFICIENT Y-COEFFICIENT
1 .125 .207E+01 .708E+04
2 .212 .213E+02 .709E+04
3 .113 •795E+02 .704E+04
4 .099 .245E+03 .679E+04
5 .076 .805E+03 .536E+04
6 .373 •438E+02 .312E+04
7 .365 .1 56E+03 .321E+04
8 .349 .371E+03 .325E+04
9 .323 .864E+03 .315E+04
10 .285 .191E+04 . 244E+04
11 .622 •105E+03 . 165E+04
12 .613 .333E+03 •165E+04
13 .593 .635E+03 .161E+04
14 .563 .110E+04 . 146E+04
15 .521 .189E+04 .112E+04
K-BOND K-UNSTIFFEND K-STIFFENED K-FACTOR
-.108E+05 .200E+05 .919E+04 .459E+00
STRESS AND STRAIN IN THE METAL
NODE SIG-1 SIG-2 SIG-12
1 -.68 1E+04 .580E+04 - .472E+02
6 -.340E+04 .121E+05 - .103E+03
11 - .1 37E+04 .154E+05 - .146E+03
NODE EPS-1 EPS-2 EPS-12
1 - .799E-03 .733E-03 -.1 1 5E-04
6 - . 657E-03 .123E-02 - .250E-04
11 .559E-03 .148E-02 - .354E-04
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STRESS AND STRAIN IN THE COMPOSITE
NODE SIG-1 SIG-2 SIG-12
1 .838E+04 . 105E+06 .742E+03
6 .897E+04 . 728E_05 .252E+03
11 .758E+04 . 568E+05 -.301E+03
NODE EPS-1 EPS-2 EPS-12
1 .272E-02 .350E-02 .674E-04
6 .294E-02 . 242E-02 .360E-04
11 . 249E-02 . 189E-02 -.430E-04
ENERGY RELEASE ON MINOR AXIS IS .597E+01
APPLIED CYCLES3 .990E+01
DA/DN BEFORE CYCLE INCREMENT IS .181E-04
DB/DN BEFORE CYCLE INCREMENT IS .202E-01
INCREMENT CYCL = .990E+01 CRACK,LENGTH3 .lOOE+Ol
MAX DEBOND HEIGHT3 .201E+OO





















IROGRAM COLLS( INPUT,O UTPUT,TAPE4)
C
C THIS PROGRAM CALCULATES CRACK AND DEBOND GROWTH IN  A 
C REINFORCED SYSTEM COMPOSED OP A CRACKED METAL 
C SHEET REINFORCED W ITH A UNID IRECTIO NAL BORON/EPOXY 
C SHEET.
C
COMMON/R0T/Z9( 1 0 0 0 0 ) ,D( 1 0 0 ),N A L F
COMMON/BOND2/NE ,NL ,NT ,XC ( 1 0 0 ) ,YC( 100 ) ,XA( 100 ),Y A ( 1 0 0 ) ,  
1N0P( 1 0 0 )
DIMENSION P T N C (5 0 ) ,E X N C Y (5 0 ),F A 1 (5 0 ) ,E B 1 (5 0  )
COMMCN /AD H ES/TA D , GAD
CO M M O N/T0P/E3,T2.V1,SM X , SyiY,G.CONS.Q,A1,SCON  
DIMENSION DR( 100 ) ,CPR( 100 ) ,EPR ( 100) 
C 0M M C N /X L IM IT /D C (2 ,51  ) ,D B (6 ,5 1  ) ,F F  
DIMENSION C M (3 , 3 )  ,S IG (  3 )  , STRAIN( 3 ) ,  DD( 100 )
DIMENSION SM(3» 3 )  ,CMM(3> 3 ) ,CMC( 3 * 3 )  ,STRESSM( 3 ) ,  SERESSC 
1 (3 )
DIMENSION T S IG M (3 ) ,T S IG M T (3 ) ,S y iM (3 ,3 ) ,S M C (3 ,3 )  
DIMENSION T 0 T G (5 0 ) ,S IG M T (3 ) ,T S T R A 3 N (3 ) ,S T R E S S (2 ,3 ,5 0 )
1 , STRANN ( 2 ,3 » 5 0 )
COMMON /BO T/E4» T 4 , V 4 , SCX ,SCY ,GB ,00N B ,Q 1 , GC ,E 5  
COMMON/CTOL/T0L,NC ,N R ,T X ,T Y ,N B C ( 100 ) ,LBC 
COMMON/BO N D /F ,P 1 , P2,XKF ,XKU NS,XKSTIP  
COMMCN/DECAY/EE , ALPHA 1 ,ALPHA2 
OOMPIEX Z ,C I,X K  
EXTERNAL XK  
CI=CMPLX( 0 . ,  1 .0  )
N A M E L IS T /IN P U /E 3 , T 2 , F , S ,T E S T , T 4 , E4 , V 4 , V 1 , E5 , GO , TAD,GAD 
1 ,NR,NC ,PCYC,
1A 1 , GAD2, SYIELD
E 3 - MODULUS OP THE CRACKED SHEET 
T2-THICKNESS OP THE CRACKED SHEET 
V 1 - IS  THE POISSONS RATIO FOR THE CRACKED SHEET 
GC-SHEAR MODULUS OP THE RE INFO RCEMENT SHEET 
E4-MODULUS OP THE REINFORCEMENT SHEET IN  THE LOADING 
D IR EC TIO N
E 3 - MODULUS OP THE REINFORCEMENT SHEET TRANSVERSE TO 
THE LOADING A X IS
V4 IS  THE POISSONS RATIO  FOR THE BOTTOM SHEET FOR A 
TRANSVERSE LOAD
T 4 - THICKNESS OP THE REINFORCEMENT SHEET 
P-M IN O R  AXIS  HEIGHT IN  PERCENT CRACK LENGTH 
S -REMOTE APPLIED STRESS 
NR-NUMBER OF ROWS OF BOUNDARY POINTS  
NC-NUM B® OP COLUMNS OP BOUNDARY PO IN TS  
PCYC-FINAL NUMBER OP LOAD CYCLES 
A 1 - IN IT IA L  CRACK LINGTH
K=0













PRINT 2 ,T 2
PRINT 2 0 ,Y1
H U N T 18, E4
H U N T 2 6 , E5
PRINT 2 7 ,GO




PRINT 3 0 , NC
PRINT 3 1 ,NR
PRINT 3 2 , FCYC
PRINT 34 , A1
PRINT 2 4 , TAD
PRINT 25 , GAD
PRINT 5 ,GAD2
PRINT 6 ,  SYIEED







IP (N .G T .1 0 0 )5 0 0  , 501
500 H U N T  502 , M ,N
502 P0RMAT( / / *  ERRORS —  M GR N EXCEEDS DIMENSIONS BOUNDS 
1 M = * I1 0 * N = * I1 0 / / )
GO TO 1001
501 CONTINUE 
Q = ( 3 . - V 1 ) / ( 1 .+ V 1 )
Q 1 = ( 3 . - ? 4 ) / ( l . + V 4 )
G = E 3 / ( 2 . * ( 1 .+ V 1 ) )
C 0 N S = 1 ./(1 2 .5 6 6 * T 2  * (1 -+ Q )*G )
SC0N=1 . / ( 6  . 2 8 3 2 *( 1+Q ) * T 2 )
G B = E 4 /(2 .* (  1 .+ Y 4 ) )
C 0 N B = 1 ./(1 2 .5 6 6 * T 4  * (1 + Q 1 )*G B )
Y 5 = V 4 *E 5 /E 4
E E = 2 .7182818
ALPHA 1=GAD*( 1. /  (T 2*E 3 >f 1 . /  (T 4*E  4 ) ) /TAD  
ALPHA 1=SQRT ( ALPHA 1)















A L P H A 2 = G A D 2 *(1 ./(T 2 *E 3 )+ 1 ./(T  4 *E 4 )) /T A D  
ALPHA 2=SQRT( ALPHA 2 )
TT=-ALOG( .05 )/A LPH A2
CALCULATE THE REMOTE STRESSES
Z5R0 ALL COMPLIANCE MATRICES
DO 50 1 = 1 ,3  
DO 50 J= 1 ,3  
C M ( I ,J )  = 0 .
C M M (I,J ) = 0 .
C M C (I,J )  = 0 .
50 CONTINUE
CALCULATE COMPLIANCE POR METAL SHEET
C M M (1 ,1 ) = E 3 / (1 . - V 1 * * 2 )
CMM( 1 , 2;=V1*CM M ( 1 ,1 )
C M M (2 ,1 }=CM M (1, 2 )
C M M (2,2)=C M M (1 ,1 )
C M M (3 ,3 )=G
GENERATE THE STIPE  MATRIX POR THE METAL SHEET
CALL INVER(CMM,SyiM,DD)
CALCULATE COMPLIANCE POR COMPOSITE 2IEET
XN =E5/E4  
XM=GC/E5
C C =E 4/( 1 .-X N * V 4 * *  2 )
C M C (1,1  )=XN*CC  
C M C (1,2 )=X N *V 4*C C  
CMC ( 2 , 1)=CM3( 1 , 2 )
CMC(2 2l=CC
CMC ( 3 13 )=XM* ( 1 .  -X N *V 4 **  2 )*CC
GENERATE THE S T IP P  M ATR IX  POR THE COMPOSITE SHEET
CALL INVER(CM C,SM C,DD)
GENERATE MACRO STIPFNESS MATRIX
DO 51 1 = 1 ,3  
DO 51 J= 1 ,3
C M ( I ,J )  = C M ( I ,J ) * T 2 -+ C M C ( I ,J ) * T 4
51 CONTINUE 
C
CALL IN V E R (C M ,a y [,n ))
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S IG ( 1 ) = 0 .0  
S IG ( 2 )= S * (T 2 + T 4 )
S IG (3 ) = 0 .0
CALL MULT ( SM, S I G , ST R A IN )
4 00  F0RMAT(3E11 . 3 )
C





CALL MUIffi ( CMC. STRA I N , SERE S3C)
SCX=STRESSC ( 1 )
SCY=STRESSC (2 )
PRINT 3 0 0 ,S M X ,3 IY
300 FORMAT ( / *  M E M  S IG M -X =*E  10. 3 *  S I  GM-Y=*E 1 0 .3 )
PRINT 301 , SCX ,SCY
301 P0RMAT(/ *  COMPOSITE S E G M -X = *E 10 .3 * S IG M -Y = *E  1 0 . 3 / )
C
C SET UP LOOPS POR RIGHD HAND VECTOR AND COEPPICIENT MATRIX  
C
H - T 2  
CALL CPAR
C
C LOOP ON INCREMENTS OP LOAD CYCLES 
C
T N C =0.0 
K0UNT=0 
1004 CONTINUE
IP (  KOUNT.NE .0  )P R IN T  551 ,KOUNT 
551 FORMAT ( / /  30X* XXXXXXXXXXX INCREMENT POR LOAD CYCLES* 
1 * I S * I 5  XX XXXXXXX*/)
TX= QQ*A1 
PRINT 16 , TX ,TT
16 PORMAT( / *  X A N DY D IM M S IO N S  OP INTEGRATION AREA ARE *  






C MAKE RIGHT HAND S ID E  A U N IT  VECTOR POR USE WITH PLASTIC  
C ANALTSIS  
C
DO 1401 1 = 1 , N 
C SAVE U N IT  R IG H T HAND VECTOR
i r ( i )=d ( i ) / s
D( I ) = D ( I ) / S  
1401 CONTINUE 
REWIND 4 
1130 FORMAT(1 1 E 1 0 .3  )














STORE COEFFICIENT MATRIX ON TAPE
W R IT E (4 ,1130 ) ( Z 9 ( I ) , I= 1 ,N S Q )
REWIND 4
CALL S IM Q (Z 9 ,D ,N ,IN D )
RETRIVE COEFFICIENT MATRIX
R E A D (4 ,1 1 3 0 ) (Z 9 ( I )  , 1 = 1 , ESQ)
SAVE ELASTIC S 0 L U T I®
DO 1402 1 = 1 , N 
D D ( I ) = D ( I ) * S  
1402 CONTINUE
CALL THE ELASTIC SUBROUTINE TO F IN D  INTERLAMINAR STRESSES 
AFTER Y IELD IN G
CALL P LA S T IC ( SYIELD,GAD2 , S , IR )
NALF=N/2  
PRINT 17
17 P 0R M A T(/70X *W IT H  P L A S T IC IT Y *2 9 2 *E L A S T IC *)
PRINT 11 
DO 104 1= 1, NALF 
IK = I+ N A IF  
X=DC( 1 , l )
Y=DC( 2 , 1 )
PR IN T 1 2 , X , I , Y , D ( I ) , D ( I K ) , D D ( I )  ,D D (I+N A L F )
104 CONTINUE
X K T0T=0.
DO 105 J= 1 , NAL F 
X =D C (1 , J )
Y=DC( 2 ,  J )
Z = X + C I*Y
CALL X IN T G (Z , J ,  A1,S11 ,S 1 2 , S 21 , S22 ,XK ,3  )
XK1=S11+S12  
X K 2=-(S  2 1+ S 2 2 )
XKT0T=XKT0T+XK1
105 CONTINUE
PR IN T GHE STRESS IN T E N S IT IE S




PRINT 15 ,X K T0T ,X K U N S ,X K S TIF ,X K F  
100 CONTINUE
















CALCULATE STRAIMS AND STRESSES AT COORDINATE POINTS IN  
THE ADHERENDS
DO 1220 1= 1 , MX, NC 
X =D C (1 ,1 )
Y=DC( 2 , 1 )
Z = X + C I*Y
DO 1226 KTYPB= 1 ,2
CALL V E R I(Z  , SXX , SXY, SXXY,SYX , STY , SYXY ,M X,KTYPE)
E IR S T THREE TERMS ARE EEDM X-L6ADS THE LATTER THREE PROM 
Y-LOADS
TSIGM ( 1 )=SXX+SYX  
T S M (2 )= S X Y + S Y Y  
T S I GM( 3 )= SXXT+ SYXY
CALCULATE THE STRESSES IN THE COMPOSITE SHEET
CALL RESIGrM( Z,S11 ,S 22  ,S12 ,ETYPE,STRESSM,STRESSC)
SUPEREMPOSE STRESSES
T S I GMT (1 )= T SIGM (1  )+S 11 
TS IG M T(2)=TS IG M ( 2 )+ S 22  
TS IG M T(3)=TS IG M ( 3)+S12
CALCULATE THE CORRESPONDING STRAINS
IF (K T X P E .B 3  .1 ) 1221 ,1 2 2 2
1221 CALL M JLT(SM M ,TSIG M T,TSTRAIN)
GO TO 1224
1222 CALL MULT (EMC ,TS IG M T,TS TR A IN )
1224 CONTINUE
STORE ALL VALOES 
DO 1225 IK = 1 ,3
STRESS(KTYPE,IK , l)= T S 3 G M T (IK )
STRANN( KTYPE, IK  , I ) = T STRAIN ( IK )
1225 CONTINUE
1226  CONTINUE 
1220 CONTINUE
PRINT 1227
1227 PORMAT( / *  STRESS AND STRAIN IN  THE MEQAL * / )
PRINT 1228
1 22 8  P0RMAT( 2 X * N 0 IE * 5 ^ S IG - 1 * 8 X * S IG - 2 * 8 X t S IG -1 2 * 8 X tE P S -1 *8 X  
1 *E  PS-2 *  8X* E PS-12 * )
P R IN T 1 2 2 9 , ( I ,  ( S T R E S S (1 ,K ,I)  ,K = 1 ,3 ) , (S T R A N N (1 ,K , I )  ,
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1 K = 1 ,3 ) , I= 1 ,M X ,N C )
1229 F 0 R M A T (I5 ,3 X E 1 0 .3 ,3 X E 1 0 .3 ,3 X E 1 0 .3 ,4 X E 1 0 .3 ,3 X E 1 0 .3 ,3 X E 1
1 0 .3 )
PR IN T 1230
1230 F0R M A T(/* STRESS AND STRAIN IN  THE COM PO SITE*/)
PRINT 1228
PRINT 1 2 2 9 ,(1  , (STRESS( 2 , K , I )  , K = 1 , 3 ) , (STRANN( 2 ,K ,  I )  ,£=  1
1 . 3 ) , 1 = 1 , MX,NC)
SUM=0.
DX=TX/NC
DO 1232 1= 1, MX, NC 
DY= TY/NR
SUM=SUM+DY* ( STRANN ( 2 , 2 , 1 )  -STRANN ( 1 , 2 , 1 ) ) *D  (M X+1)
1232 CONTINUE
PRINT 1251 , SOM 
1251 FORMAT( / *  ENERGY RELEASE ON MINOR A X IS  I S * E 1 1 .3 / )
CALL X IN C ( SUM ,XNCY ,IA S  , IF S )
CPR (KOUNT )=DAS 
DPR(KOUNT)=DFS
IF (X £ S T IF .S 3 .5 6 0 0 0 .  )G0 TO 1005 
TNC=TNC+XNCY
IF(O NC.G E.PCYC)G O  TO 1003 
B1=F*A1 
H tIN T  4 2 , INC 
42 EORMAT( / *  APPLIED CYCLES=*E10. 3 )
IR IN T  5 5 5 ,DAS,DPS 
555 FORMAT(* m / m  BEFORE CYCLE INCREMENT IS *E 1 1  . 3 /
1 *  D B /IN  BEFORE CYCLE INCREMENT IS *E 1 1  . 3 / )
PRINT 4 0 ,X N C Y ,A 1 ,B 1 ,P 1 ,P 2  
1 *  MAXIMUM DEBOND H E IG H T = *E 1 0 .3 *  P 1 = * E 1 0 .3 *  P 2 = * E 1 0 .3 / )  
40 F0RMAT( 5X*INCREMENT C Y C L=*E10. 3 *  CRACK,LBNGTH=*E 1 0 .3  
FTN C( KOUNT )=TNC 
FXNCY ( KOUNT) =XNCY 
FA1 (KOUNT )=A1 
FB1 (KOUNT )=B1  
IF (A 1 .G T .2 )G 0  TO 1001 
GO TO 1004
1 FORMAT (2 0 M 0 D U L U S  OF THE CRACKED SHEET 
1 * ,E 1 2 . 3 )
2 FORMAT (20X*THICKNESS OF THE CRACKED SHEET 
1 * ,E 1 2 . 3 )
3 FORMAT ( 20X*M IN0R A X IS  HEIGHT IN  PERCENT CRACK LENGTH 
1 * ,E 1 2 . 3 )
4 FORMAT (20X * INCREMENTS TO MAXIUMUM CRACK LENGTH 
1 * , 112)
7 FORMAT (2 0 X*REMOTE APPLIED STRESS 
1 * ,E 1 2 . 3 )
8 P O R M A T (2 0 X *IN IirA L  CRACK LENGTH BEFORE CYCLING 
1 * E 1 2 .3 )
9 FORMAT(/25^-INCREMENT * I5 ,4 X *C R A C K  LENGTH * F 1 0 . 3 / )
10 FORMAT( 5 E 1 2 .3 )
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11 FORMAT (2 0 ^ L O C A T IO N  NODE DEBOND H E IG H T*6X  
1*X -C O E F F IC IE N T *8X *Y -C O E F F IC IE N T *7X *X -O O E F F IC IE N T *
27 X*Y-CO E F F IC IE N T * /)
12 FORMAT( 2 2X F 5 . 3 ,9 X 1 2 ,1 0 X F 5 .3 , 4 (  10XE1 0 .3  ) )
14 FORMATC /23X *K -B 0N D *5^ K :-U N S T IF F E N D *5X *K -S T IF F E N E D *5X  
1*K -F A C T O R */)
15 F O R M A T (2 0 X ,3 (E 1 O .3 ,5 X ) , E 1 0 . 3 / )
5 FORMATC 20 ̂ SECONDARY SHEAR MODULUS AFTER Y IE L D IN G  
1 * E 1 2 .3 )
6 F0RMAT( 20 X* Y IE L D  STRESS OF MODULUS IN  U N IA X IA L  TENSION 
1 * E 1 2 .3 )
18 F0RMAT( 20 X* COMP MODULUS PARALLEL TO LOAD 
1 * , E 1 2 . 3 )
19 F0RMAT(20X*THICKNESS OF THE REINFORCEMENT SHEET 
1 * , E 1 2 . 3 )
20 F0RMAT( 20X *P0ISS 0N S RATIO FOR THE CRACKED SHEET 
1 * , E 1 2 . 3 )
21 F0RMAT( 20X*C0MP POISSONS RATIO  TRANSV TO LOAD A X IS  
1 * , E 1 2 . 3 )
22 FORMAT( 2 0M U M E E R  OF ELLIPSES IN  GRID  
1 * 112)
23 FORMATC 202*NUMBER OF L IN E S  IN  GRID  
1 * 112)
24 FORMATC 20X*ADHESIVE THICKNESS 
1 *  , E 1 2 . 3 )
25 FORMATC 20 X*SHEAR MODULUS OF THE ADHESIVE  
1 * , E 1 2 . 3 )
26 FORMATC 202*C0M P MODULUS TRANSV TO LOAD 
1 * , E 1 2 . 3 )
27 FORMAT( 20X*SHEAR MODULUS OF COMPOSITE 
1 * , E 1 2 . 3 )
30 FORMATC 20X*NUMBER OF COLUMNS FOR BOUNDARY POINTS  
1 * , 112)
31 FORMATC 20^NUMBER OF ROWS FOR BOUNDARY POINTS  
1 * , 112)
33 FORMAT (20 X *F IN A L  NUMBER OF APPLIED LOAD CYCLES 
1 * , E 1 2 . 3 )
34 FORMATC 2 0 X * IN IT IA L  CRACK LENGTH 
1 * , E 1 2 . 3 )
1005 P R IN T  3 8 , TNC
38 FORMATC 5X*SPECIMEN FA ILED B E F 0 R E *E 1 0 .3 *C Y C L E S */)
GO TO 1001
1003 PR INT 39 ,FCYC
39 FORMATC 5X* THE SP EC IF IED  NUMBER OF LOAD CYCLES HAS*






ER IN T 540
















540 P0RMAT(/13^DELTA-N* U M O T A L -N * 1 8 X *A *1 6 M A /IN * 18X*B*
1162*D B /IN */)
PRINT 536,  (F X N C Y (I)  ,P T N C (l)  ,PA 1 ( I ) ,CPR( I  ) ,FB 1 ( I ) ,B P R (I  
1 ) ,  1= 1 ,10UNT)
536 P0RMAT( 6 E 2 0 . 3 )
I P  ( T E S T . N E . O . )  GO TO 1000  
END
SUBROUTINE INVER( S,AI ,D)
TH IS  ROUTINE INVERTS A 3X3 M ATRIX
DIMENSION A ( 3 , 3 ) , A I ( 3 , 3 ) , A G ( 3 , 3 ) , S ( 3 , 3 )
] > = S ( 1 . 1 ) * S ( 2 . 2 ) * S ( 3 , 3 ) + S ( 1 , 2 ) * S ( 2 , 3 ) * S ( 3 , 1 ) + S ( 1 , 3 ) *  
1 S ( 2 , 1 ) * S ( 3 , 2 )
2-(S ( 1 . 3 )*S (3 t  1 ) * S ( 2 ,2 )+ S ( 1 ,2 ) * S (2 ,1  ) *S (3 ,3 )+S (  1 ,1 ) *  
3 S ( 3 ,2 ) * S ( 2 ,3 ) )
A G (1 ,1 )= S (2 ,2 ) *S (3 ,3 ) -S (  2 , 3 ) * S ( 3 , 2 )
A G ( 1 , 2 ) = - S ( 2 , 1  ) * S ( 3 , 3 ) + S ( 2 , 3 ) * S ( 3 , 1 )
AG( 1 , 3 ) = S ( 2 , 1  ) * S ( 3 , 2 ) - S (  2 , 2 ) * S ( 3 , 1 )  
A G ( 2 , 1 ) = - S ( 1 , 2 ) * S ( 3 , 3 ) + S ( 1 , 3 ) * S ( 3 , 2 )  
A G ( 2 , 2 ) = S ( 1 , 1 ) * S ( 3 ,  3 ) - S (  1 , 3 ) * S ( 3 , 1 )
AG(2, 3)=-S ( 1 ,1 ) * S ( 3 , 2 ) + S ( 1 , 2 ) * S ( 3 , 1 )  
A G ( 3 ,1 ) = S ( 1 ,2 ) * S ( 2 ,3 ) - S ( 1 ,3 ) * S ( 2 ,2 )
AG( 3 ,  2 ) = - S (  1 , 1 ) * S ( 2 , 3 ) + S ( 1 , 3 ) * S ( 2 , 1 )  
A G ( 3 , 3 ) = S ( l t 1 ) * S ( 2 , 2 ) - S (  1 , 2 ) * S ( 1 , 2 )
DO 1 1 = 1 , 3  
DO 1 J = 1 ,3  





THIS ROUTINE MULTIPLIES TWO MATRICES
DIMENSION A ( 3 , 3 ) , B ( 3 ) , C ( 3 )
DO 1 1=1,3  
SUM=0.0 
DO 2 K=1,3
2 sum=sum+a(i ,k )*b (k )





SOLUTION OP THE LINEAR ALGEBRAIC STSTEM CP EQUATIONS
OP 3HE PORM
AX=B
A -  NXN MATRIX OP COEFPICIENTS
B -  VECTOR POR THE RIGHTHAND-SIDE OP THE SYSTEM OP 
EQUATIONS






N -  NUMBER OP EQUATIONS M D  VAR I  ABIES 
KS -  OUTPUT D IG IT
0 POR A NORMAL SOLUTION
1 POR A SINGULAR SET OP EQUATIONS 
DIMENSION A ( 1 ) , B ( 1 )
T 0 L = 0 .0 
KS=0 
JJ= -N
DO 65 J = 1 , N  
J Y = J + 1 
JJ=JJ+N+1  
B IG A = 0 .0  
IT = J J  -  J  
DO 30 1= J ,N  
I J = IT + I
I P ( A B S ( B I G A ) - A B S ( A ( I J ) ) )  20 , 30 , 30 
20 E IG A = A (U )
IM A X = I 
30 CONTINUE
IP (A B S (B IG A )-T O L ) 35 ,3 5  ,40  
35 KS= 1 
RETURN 
40 I1 = J + N * (  J - 2 )
IT=3M A X -J  
DO 50 K = J ,N  
1 1 = 1 1+N 
12=1 1+1 T 
S A V E =A (I1 )
A ( I 1 ) = A ( I 2 )
A ( l2 ; =  SAVE 
50 A ( 1 1 ) = A (11 )/BEGA  
S A V E = B (m X )
B (IM & .X )= B (J )
B ( J ) =  SA VE/B I GA 
I P  (J -N )  5 5 , 7 0 , 5 5  
55 IQ S = N *( J - 1 )
DO 65 IX =  J Y ,N  
IX  J  = IQ S + IX  
I T = J - IX  
DO 60 JX =JY ,N  
IX J X = N * (JX -1  ) + IX  
J J X = IX J X + IT  
60 A ( I X J X ) = A (  IX J X ) - ( A (  i x j ) * A ( J J X ) )
65 B ( I X ) = B ( I X ) - ( B ( J  ) * A ( I X J ) )
70 NY=N-1 
IT = N *N
DO 80 J= 1 ,NY 
IA =  I T - J  
IB = N -J  
IC = N
DO 80 K = 1 , J










B ( IB )= B ( IB ) -A ( IA ) *B ( IC )
IA=IA-N  




THIS ROUTINE FORMS THE COEFTTCEINT MATRICES USED TO SOLVE 
FOR ELASTIC INTERLAMINAR STRESSES
DIMENSION THEIA(10)
COMMON/XLIMIT/DC( 2 ,51)  ,E B (6 ,51 ) ,FP 
C0MMDN/R0T/Z9( 10000 ) ,D( 100 ) ,NALF 
COMMON/TOP/E3, T2, V1, SMX , SMY , G, CONS , Q, A1, SCON 
COMMDN/BOT /E4, T4, V4, SCX , SCY , GB, OONB , Q1, GC , E5 
COMMON/ADHE S/TAD ,GAD 
COMMDN/BOND/F, P1, P2, XKF ,XKUNS ,XKSTIF
COMMON/B0ND2/NE ,NL ,NT ,XC( 100 ) ,  YC( 100 ) ,XA( 100 ) ,  YA( 100 ) ,  
1NOP(100)
COMMON/CTOL/TOL ,NC ,NR, TX ,TY ,NBC( 100) ,LBC 









ASSEMBLE RIGHTHAND SIDE VECTOR 
PRINT 57
57 FORMAT( / *  NODE NUMBER*8X*X-00R*8X*Y-C0R* / )
PRIME 56 , ( I  ,DC( 1 ,1 )  ,DC( 2 ,1 )  ,1= 1,MX)
56 FORMATC 1 10, 2E15.3 )
DO 1011=1, X 
X=DC(1, I )





d ( k +i ) = d v - bv
DO 102 J= 1 ,MX
CALIXINTG( Z,J,A,C1 ,C2, C3,C4,F1,1 )

















IP ( I  .EQ. J) Z 9 ( I V 1 )= Z 9 ( I V 1 )+TAD/GAD 
12=1 
J2=J +1




IV3=( J3-1 )*N + I3  
Z9(IV3)=C3+B3 
I4= I+K  
J4=*T+L
IY4=(J4-1 )*N + I4  
Z9(IV4)=C4+B4








CALCULATE DISPLACEMENTS IN  THE TOP SHEET DUE TO A REMOTE 
STRESS
COMMON /TO P/E3 ,T2,V1,3ffiO,3([Y,G, CONS , Q, A1, SCON 
COMPLEX CI,Z,ZI,ZB,CXSR,D,DPHI,PHI ,D0MEGA 
CI= CMPLX(0 . , 1 . )
ZB=00NJG(Z)
D=CXSR( Z,A1)
DPHI= .5*SMY*D-. 25*Z* ( SMT-31X) 
PHI=.5*SMY*Z/D-.25*(SMY-SMX)
D0MEGA=.5*SM¥*CXSR(ZB,A1)+ .25 *(SMY-£MX)*ZB 






CALCULATES DISPLACEMENTS IN THE BOTTOM SHEET DUE TO A 
REMOTE STRESS





U= ( SCX/E5+S 12*SCY )*X  
V= ( S12*SCX+SCY/E4>Y














COMPLEX FUNCTION F 1 (Z ,Z 0 )
EVALUATE INTEGRAL OF B (Z ,Z 0 )
COMPLEX Z ,Z0 , ZB, ZOB ,XA ,XB ,XD , C X S R ,C I, D ,B ,R  
COMPLEX H ,H1 ,H 2 .B I  
DIMENSION N ( 300 ;
COMMON/TOP/E3, T 2 , V 1 , SMX , ffilY , G , CONS, Q, A1, SCON 
COMMDN/KK/XCOUNT
COUNTER L IM IT S  INTEGRATION INTERVAL TO 50 STEPS
USE COMMON TO ZERO COUNTER
XA( Z ,Z 0 ) = C L 0 G ((Z *Z 0 -A **2 -C X S R ( Z ,A )*C X S R (Z 0 ,A ) y (Z *Z 0 + A  
2 * * 2 -
2CXSR(Z,A)*CXSR(Z0,A))*(-1. ) )
X B (Z ,ZO )=C LO G ( (Z * Z 0 -A * * 2 -C X S R (Z ,A ) * C X S R (Z 0 ,A ) ) * (Z + Z 0 ) *  
1* 2/ (
2 (Z *  ZGt-A** 2 - CXS R ( Z , A) * CXSR( ZO , A ) ) *  ( ZO-Z) * *  2 ) )
X C (Z ,Z 0 )  = (Z -Z 0 *C X S R (Z ,A ) /C X S R (Z 0 ,A ) ) * ( Z 0 B - Z 0 ) / ( Z * * 2 -  
1 Z 0 * * 2 )
G1=G
z b = o o n j g ( z )
ZOB=CONJG( Z 0 )
C I=C M P LX (0 . , 1 . )
SAVE PREVIOUS VALUES OF XB AND CHECK PATH EOR BRANCH CUT 





B I = . 5 * ( X B ( Z ,ZO ) -Q *X B ( Z,ZOB) )+XC( Z , ZO)
X= REAL (X B (Z ,  ZO B ))
Y=A IM A G (XB (Z,ZO B ) )
1=1
IF  ( X . IT  . 0 . AND .Y . GE.0  ) I =  2 
IF (X .L T  .0  .A N D .Y .IT  .0 )1 = 3  
D =X B (Z ,Z O B )
IF ( K .L E . 2 )  GO TO 100 
IF ( N ( K - 2 )  .EQ .2  .A N D .I.E Q  . 3 )D = D -6 .2 8 3 * 0 1  
IF ( N ( K - 2 )  .EEJ .3  . M D . I  .E3 .2 )D = D + 6  . 2 8 3 *C I 
100 CONTINUE 
N ( K ) = I







H 1 = -Q *X C (Z ,Z O )
H =-Q *R EA L(XA ( Z ,Z O ) )
H 2 = .5 * (Q **2 *D + C 0 N J G (D ))
R=H+H1+H 2
F 1 = R + X C (Z B ,Z O )+ 2 * (Z * Z O -Z O B * Z B )/(Z B * * 2 -Z O * * 2 )+ (Z -Z B )* B (  
1ZB ,ZO )






SUBROUTINE X IN T G ( Z , I , A,S11 ,S 1 2 , S21, S22 ,F 1 , IC )
T H IS  ROUTINE INTEGRATES 3HE SUM AND DIPPERENCE OP TWO 
COMPLEX FUNCTIONS, F1 AND P 2 , USED TO EVALUATE THE GREENS 
FUNCTIONS FOR DISPLACEMENTS.
COMNDN/CTOL/TOL , nc , nr  , tx  , t t  ,NBC ( 100 ) , LBC 
COMMON/KK/ECOUNT
COMPLEX P 1 ,P 2 ,Z ,Z O ,C I,A 1 ,B 1 ,Z O B  
COMMON/XL IM IT /D C  ( 2 ,  51 ) ,  DB ( 6 ,  51 ) ,  FF 
EXTERNAL F1 
C I=C M P LX (0 . , 1 . )
x = r e a l ( z )
S 1 1 = 0 .0  
S 1 2 = 0 .0 
S21 = 0 .0  
S 2 2 = 0 .0 
Y=AIM AG(Z)
C
C IP  HTDEX=1 THEN Z L IE S  OUTSIDE INTEGRATION PATCH 
C AND K 1 POINTS ARE USED IN  A SINGLE INTEGRATION.
C I P  INDEX=2 THEN QHEN Z L IE S  W ITH IN  OHE INTEGRATION PATCH 
C AND TWO INTEGRATIONS ARE MADE WITH K2 PO IN TS IN  EACH 
C INTEGRATION.
C ICOUNT CONTROLS THE LOOPS ON THE INTEGRATION. IP  ICOUNT 
C EQUALS 0 CONTINUE OTHERWISE DO SECOND INTEGRATION.
C
XSTART=DB(1 ,1 )
XFINAL=DB( 2 , 1 )
IP  ( X .LE .XS TART. OR . X . GE .X P IN A L ) INDEX= 1
IP (X .G T  .XSTART .AND .X .Iff i .X F IN A L )IN D E X = 2
IC 0U N T=0
K1=3
K1 = 5















5 XU=XFINAL  
XL=X+TOL
ICO UNT= ICOUNT+1 
4 CONTINUE
IF (X P D IA L .B O  .A )XFIN A L=A -TO L  
K=K1
UX= ( XU -X L ) /  ( 3 . * K )
M=K+1
BO 7 L=1 ,M 
XX = (  XU-XL ) * ( L - 1  )
XD=XX/K+XL
AT=L
X 1 = A T /2 .
X 2 = L /2
I F ( I . B 3 . 1  .O R .L .FQ  .M) 1 6 ,1 8  
16 XF=1
GO TO 17
18 IF (A B S (X 1 -X 2 ) . I f f  . .0 0 0 1  )X F = 4 .
IF (A B S (X 1 ~ X 2 ).G ff . .0 0 0 1  )X F = 2 .
17 CONTINUE




CALL Y IN TG ( Z,ZO , 1 ,  A , T11 ,T 1 2 , T 2 1 , T22 ,F 1 , IC )
201 FORMAT( / *  Y - S IR IP  AT X D = *E 10 . 3 * T 1 , T 2 , T3 , T4=* 4 E 1 1 . 3 )
C11=XF*DX*T11  
C 12=XF*B Xf’T 12 
C21 =XF*DX*T21  
C 22=X F*D 2*T22  
S11 =S11-tC11 
S12=S 12+C12 
S21 =S21 +C21 
S22=S22+C 22 
7 CONTINUE




SUBROUTINE Y IN TG ( Z ,Z0 ,1  ,A , S11 ,S 1 2 , S21, S22 ,F 1 , IC )
THIS ROUTINE INTEGRATES TEE SUM AND DIFFERENCE OF TWO 
COMPLEX FUNCTIONS, F1 AND F 2 , USED TO EVALUATE THE GREENS 
FUNCTIONS FOR DISPLACEMENTS.
COMPLEX H ,A 2 ,B 2
C0MMQN/CPARM/S1, S2,C11 ,C 1 2 , C22 ,C 2 1 , P 1 ,P 2 ,Q 4 , Q2 
COMPLEX Z 1 ,Z 2 ,W 1 ,W 2 ,G ,G B ,S 1 ,S 2 ,C 1 1  ,C 1 2 , C 2 2 ,C 2 1 , P 1 ,P 2 ,Q  
,14 ,Q2
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OOMMON/XLIMIT/DC ( 2 ,51  ) ,  IB  ( 6 ,  51 ) ,  EP 
COMMON /CTO L /TO L ,NC , NR, T X , T5T, NBC ( 1 0 0 , EBC 
COMPLEX F 1 ,F 2 ,Z ,Z O ,C I  ,A 1 .B 1 ,Z O B  
COMMON /R 0 T /Z 9 (1 0 0 0 0 ) ,D (  1 0 0 ),N A L F  
C I= C M P L X (0 . ,1 . )
XD=REAL(2D)
X=REAL(Z)
S 1 1 = 0 .0  
S 1 2 = 0 .0  
S21 = 0 .0  
S 2 2 = 0 .0 
Y = A M A G (Z )
B 1 = D B (3 ,I)
B 2 = D B (4 ,I)
C 1 = D B (5 ,I)
C 2 = D B (6 ,I)
Y 1 = Y Y X (X 0 ,B 1 ,B 2 )
Y2=YYX (XO ,C 1, C2 )
IC0U NT=0  
K1=3  




I P ( n .E Q . l ) G O  TO 4
C
C LOGIC TO STATEMENT FOUR IS  FOR THE NARROW S T R IP  THAT 
C CONTAINS BEE SINGULARITY
C THESE STATEMENTS CAN BE USED TO INTEGRATE T H IS  STRIP WITH  
C ADDITIONAL LO G IC . CONSIDER X CONSTANT OVER TH IS  NARROW 
C S T R IP  
C
I P  ( Y . L E . Y 1 . OR. Y . GE. Y2 )INDEX= 1 
IF (Y .G T  ,Y1 .AND . Y . IT  .Y 2 )IN D E X = 2  














D X = (X U -X L ) /(3 .* K )
M=K+1
DO 1 L=1,M






XX= (X U -X L ) *  (1 -1  )
YO=XX/K+XL
AT=L
X 1 = A T /2 .
X 2=L /2
IP (1 .E Q .1  .O R .L .E J  «M) 1 6 ,1 8  
16 XP=1
GO TO 17
18 IP (A B S (X 1 -X 2 )  . I T  . .0 0 0 1  )X F = 4 .




IC = 1  CRACKED METAL SHEET 
10=2 ORTHOTROHC S O IID  SHEET
I F ( I C . N E .2 )3 0 ,3 1
30 CONTINUE 
A 1 = F 1 (Z ,Z 0 )
B1 =F 1 ( Z , ZOB)
T 11 =REA1( A1+B1)
T 1 2 = R E A 1 (C I* (A 1 -B 1 ) )
T21 =AIM AG(A1+B1)







A 1=G (Z1,W 1)
B 1=G (Z2,W 2)
A 2=H (Z 1,W 1)
B 2=H (Z2,W 2)
T 11 = 2 . *R EA L(P  1*C 11 *A  1+P 2*C 21 *B 1 )  
T12 = 2 .*R E A L (P 1*C  1 2 *A 2 + P 2 *C 2 2 *B 2 )
T21 =2.*REALCQ4*C 11*A 1-+Q2*C21*B1) 
T 22=2 .*R E A L (Q 4*C  12 *A2-tO 2*C 22*B 2  ) 
33 CONTINUE
IP  ( IC  .N E . 3 )  6 0 ,6 1
60 ES= 1 .
P R = 1 .
GO TO 62
61 CONTINUE 
F S = D (I)
fr=d (i +n a l f )
62 CONTINUE 
P11=XF*PS*D X*T11  
P 12=XF*FR *D X*T12  
P21=XF*FS*D X*T21







P22 =XF* FR *D X*T22  
S11=S11+P11  
S12=S 12+P12 
S21 =S21 +P21 
S22=S22+P 22 
1 CONTINUE




COMPLEX PUNCTION C X S R (Z ,B )
TH IS PUNCTION TAKES THE SQUARE ROOT OF Z * * 2 - B * * 2  
IT  ONLY RETURNS QHE F IR ST ROOT, THE SECOND ROOT CAN BE 
FOUND BY ADDING EE /2  TO THE T R IP  ARGUMENT
COMPLEX Z ,T 1 ,T 2 ,C I  
C I=C M PIX( 0 .  , 1 . )
T1=Z -B  
T2=Z+B  
X1 =REAL( T 1 )
Y1=A IM A G (T1)
X2=R EA L(T2)
Y2=A IM A G (T2)
A 1=A T A N 2(Y 1 ,X 1 )
A2=ATAN2lY2 X 2 )
S 1 = (R E A L (T 1 ) * * 2 + A IM A G (T 1 > * 2 > *  .5  
S2=( REAL ( T 2 ) *  *  2+AIMAG( T2) * *  2 } * *  .5  
S R = (S 1 * S 2 ) * * .5  
ANG=A1+A2
CXSR=SR*( COS(ANG/2 .0 )+ C I* S IN (A N G /2 . ) )
RETURN 
END
COMPLEX PUNCTION X K (Z ,Z 0 )
GREENS PUNCTION FOR STRESS IN TE N SITY
COMMON/TOP/E3, T 2 , V 1 , SMX, 9 4 Y , G, CONS, Q, A1, SCON 




D = ( Z 0 * Z 0 B - 2 .* Z 0 * * 2 + A * * 2 ) / ( ( Z 0 * * 2 - A * * 2 ) * C X S R ( Z 0 ,A ) )
F=Q*CXSR ( 20B , A) /  (ZO B ** 2 -  A **  2 )  
X K = 2 * A * * .5 * ( F + D ) / ( 6 .2 8 3 * (  1 .- tQ )*T 2 )
RETURN 
END
PUNCTION Y Y (T )
C
C T IS  A D U M Y  PARAMETER FOR XO 
C CALCULATE YO FOR A GIVEN XO






COMMON/TO P /E  3, T 2 , V 1 , 3 5 X , 3 H  , G, CONS, Q , A 1 , SCON 
COMMON/BOND/P, P 1 , P 2 , XKP ,XKUNS ,XK S TIPP  
IP (  T /A 1  . I E  . 0 ) 2 ,1  
1 CONTINUE
Y T = P * ((  1- (T /A 1  ) * * P 1  ) * *  ( 1 /P 2 ) ) * A 1  
GO TO 3 




COMPIEX PUNCTION B ( Z ,Z 0 )
COMMON /TO P /E  3 , T 2 , V 1, 34X , SMY, G, CONS, Q , A 1 , SCON 




X1=C XS R (Z,A )
X 2=C X S R (Z0,A )
X 3 = 1 . / ( Z * * 2 - 2 0 * * 2 )
X 4 = 1 . /  ( Z * * 2 - Z 0 B * * 2 )
X 5 = 1 . / ( Z - Z 0 ) * * 2  
X6= 1. /  ( Z + Z 0 ) * * 2
X 7 = X 1 *( ( -4 * Z O * X 3 )+ 2 .* Q  1 *Z O B *X 4 + (Z -2 0 B )*X 5 - (Z fZ 0 B )* X 6 )  
X 8 = (Z O -Z O B )* ( (A * * 2 -Z * Z 0 ) *  X 5 - (A * *2 + Z *Z 0  ) * X 6 ) /X 2 + 2 . * X 2 *  
1X 3*Z
X 9 = -2 .*Q 1 *Z *C X S R (Z 0 B ,A )*X 4  




CALCULATE PARAMTERS POR COMPLEX VARIABLES IN  ORTHOTROPIC 
M A LLS I S .
COMPLEX C l ,S 1 ,S 1 B ,S 2 ,S 2 B ,C 1 1  ,0 1 2 ,  C21, C22 ,P 1 , P 2 , Q4, Q 2,D  
1 ,U 1 ,U 2
COMPLEX CC
COMMON/BOT/E4, T 4 , V 4 , SOX, S C I, GB , CONB, Q1, GO , E5 
C0MM0N/CPARM/S1,S2,C11 ,C 1 2 , C22 ,C 2 1 , P 1 , P 2 , Q4, Q2 





B=EX/GXY -2  *VX  
C=EX/EY
C C =C M P L X (C ,0 .0 )
VY=7X*EY/EX  
D = C S Q R T (B **2 -4 .*C C )
U 1 = - .5 * (B -D )





U 2 = - . 5 * (  B +D )
S1=CSQRT(U1)
IF (A IM A G (S l}  -HD .0  )S 1=-S1  
S2=CSQRT(U2)
rP (A ]M A G (S 2 ) .HD .0  )S 2 = -S 2  
S1B=C0NJG(S1)
S2B=C0NJG(S2)
I F ( B * *  2 - 4 . *C ) 1 , 2 , 3
1 CONTINUE 
PR IN T 4




6 FORMAT( *  ROOTS ARE PURE IMAGINARY AND E Q U A L */)
GO TO 5
3 B1=AIM AG (S1)
D1=AIM AG(S2)
P 1 = (S 1 * *2 -Y X ) /E X  
P2=( S 2 * *  2 - YX) /EX  
Q2=( -Y Y *  S2+1. / S 2 ) /EY  
Q 4 = (-Y Y *S 1 + 1 ./S 1 ) /E Y
100 F0R M A T (4E 12 .3 )
C0MP1=1. / ( 1 2 . 5 6 6 *T  4 * ( B 1 * *  2 -3 )1 ** 2 ) )
C 11 = (D  1 * *  2 *T Y + 1 )*B  1*C0MP1 
C 12 = (VX+D1 * *  2 ) * C0MP1 
C21 = -D 1 * (  T Y *B 1 * *  2+1 >C0M P1  
C 2 2 = -(B 1 * *  2+VX) *C  0MP1 
GO TO 7
5 IR IN T  8
8  FORMAT ( / *  ERRDR-ERROR ORTHO TROPIC ANALYSIS IS  NOT*





GENERATE MESH USED TO D IS C R E TIZE  INTERIAM3NAR STRESSES.
COMMON/B0ND2/NE,NL ,NT ,X D ( 100 ) ,YC( 100 ) ,XA( 100 ) ,YA( 100 ) ,  
1 N 0P (100 )
COMMON/CTOL/TOL ,NC ,N R , T X , TY ,NBC( 100 ) ,  LBC 
COMMON/TO P /E  3, T 2 , V 1 , SMX ,SM Y, G, CONS ,Q , A 1, SCON 
COMMON/XLIM IT /D C  ( 2 ,51  ) ,D B ( 6 ,51 ) ,E F  
COMMON/BOND/F, P 1 , P 2 , XKF ,XKUNS ,X K S T IF  
P=P1

















DO 11 1 = 1 , MX 
11 NBC ( I  )=0
DO 100 J = 1 ,N R  
DO 100 1 = 1 . NO 
MT=NC* (J -1  )+ I  
AC =A1+D Y*(J-1 )+ D Y /2 .
Y I= F *A 1
B C =YI+D Y*( J -1  )+ D Y /2 .
DO (1  ,MT )= D X /2  .+ (1 -1  )*D X  
X=DC(1 ,M T)
Y=Y Y D (x ,B C , AC ,P )
DC (2  ,MT }=Y
DB (1 ,M T) =DX* ( 1 - 1 )
DB (2  ,MT ) =DX* I  
D B (3 ,M T )= D Y *(J -1  )+ Y I  
D B (4 ,M T )= D Y *(J -1  )+A1 
D B (5 ,M T )= D Y *J + Y I 
D B (6 ,W T )= IY *J + A 1  
100 CONTINUE 
110 F0RMAT( I 10, 2 E 1 5 .3 )




T H IS  ROUTINE INCREMENTS THE CRACK LENGTH AND DEBOND SHAPE 
FOR NCY CYLES
COMMON/XL IM H  /DC ( 2 ,  5 1 ) ,  DB( 6 , 5 1 ) ,  FF 
com m dn / c t o l / t o l  ,NC ,NR ,TX ,TY ,NBC( 1 0 0 ),IiB C  
COMMON/BOND/F, P 1 , P 2 , XKF ,XKUNS ,X K S T IF F  
C0M1MCN/T0P/E3, T2 , V 1 , M , QVTY , G,CONS ,Q ,A 1 , SCON 
COMMCN/BOT/E4, T 4 , V 4 , SCX , SCY, GB, CONB, Q1, GC , E5 
COMMON/XY/XD ,YD
DIMENSION Y N ( 2 0 ) ,X N ( 2 0 ) ,B I ( 2 0 ,2 ) ,C I ( 2 0  ) ,D ( 20 ) ,C R (2 , 2 )  
B1=A 1*F 
R= .01
D A = 3 .2 2 E -1 4 *X K S T IF F **3 .38  
CFAC=1. 79E -14  
CFA0=3. 36E -14  
U A =C FA C *X K S T IFF**3 .38 
D A =D A /(( 1 . -R )  *5 6 0 0 0  .-X K S T IF F )
D F = 3 .1 5 8 E -0 5 *S U M **3 .6 1 6
DAS=DA
DFS=DF
DETERMINE HOW MANY CYCLES REQUIRED FOR E ITH ER  A CRACK OR 
DEBOND EXTENSION OF .1 INCHES. THEN USE SMALLEST YALUE 
AS THE INCREMENT OF APPLIED LOAD CYCLES
XNCRACK=. 10 /LA
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XNB0ND=. 10 /DP 
XNB0ND=. 20 /DF  
XNCY=XNCRACK







P =B 2/A 2
RETURN
END
SUBROUTINE VERI ( Z ,S X X , SXY, SXXY ,SYX , SYY, SYXY,MX ,KTYPE)
C
C INTEGRATE ® EEN S FUNCTIONS POR STRESSES 
C










SYY = 0 .0  
DO 1 J=1 ,M X
CALL VXINTG (J  ,Z ,S 1 ,S 2 ,S 3 ,S 4 ,S 5 ,S 6 ,M X ,K IY P E )
C
C F IR S T  INDEX INDICATES LOAD D IR EC TIO N , SECOND STRESS 











SUBROUTINE V X IN T G (I ,Z ,S 1 ,S 2 ,  S3, S4, S5, S6, MX, EPYPE)
C
C DETERMINE STRESSES IN  ADHERENDS DUE TO INTERLAMINAR  
C STRESSES.
C
COMMON/XLIMIT/DC ( 2 , 5 1 ) ,  IB (  6 ,  51 ) , EE
CO M M )N/R0T/Z9( 1 0 0 0 0 ) ,D( 100 ) ,NALF
C O M M ® /T 0 P /E 3 ,T 2 ,V 1 , M X ,  M Y ,G ,  CONS,Q,A1, SCON
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COMPLEX Z ,Z B ,Z 0  ,Z O B ,B ,IB Z ,B 1 ,D B 1 B ,B 1 B ,IB 1 ,G 5 ,G 6 ,G 7 ,G 8











ZB=OON JG( Z )
C
C IE  INDEX=1 THEN Z H E  OUTSIDE THE INTEGRATION PATCH 
C AND K 1 POINTS ARE USED IN  A SING LE INTEGRATION  
C IE  INDEX=2 THEN Z L IE S  W ITH IN  THE INTEGRATION PATCH AND 
C TWO INTEGRATIONS ARE MEADE EA.CH WITH K2 INTEGRATION PO INT  
C IE  IC0UNT=0 THEN CONTINUE OTHERWISE SECOND INTEGRATION  
C
XSTART=DB( 1 ,1 )
XE IM L = D B ( 2 , I )
IF (  X .LE  .XSTART .OR .X .G E  .X P IN A L)IN D E X =1










ICO UNT= ICOUNT+1 
GO TO 4 




IE (X P IN A L .E Q  .A1 )XE IN A L=A 1-T0L  
K=K1
DX= (X U -X L ) /  ( 3« * K )
M=K+1
C I= 0 4 P L X (0 . , 1 . 0 )
DO 7 L = 1 ,M  
XX= (XU-XL ) * ( L - 1  )
XO=XX/X+XL












X 1 = A T /2 .
X 2 = L /2
IF (L .B 3  .1 .OR .L .H J  .M) 1 6 ,1 8
16 XF=1
GO OK) 17 
18 IF (A B S  ( X 1 - X 2 ) . I f f  . .0 0 0 1  )X F=4  
IF (A B S (X 1 -X 2 )  .Gff . .0 0 0 1  )XF=2
17 CONTINUE
CALL V Y IN TG ( Z ,Z0  , 1 , TXX, TXY, TY X, T Y T , TXYX, TXYY,ETYPE )
S1 = X F * IK *  T2X+ S 1 
S2=XF*DX*TXY+S2  
S 3 = X F *IK *  TYX+ S3 
S4=XF*EX*TYY+S4  
S5=XF*DX* TXYX+ S5 
S6=XF*DX*TXYY+S6  
7 CONTINUE




SUBROUTINE VY IN TG (Z,ZO  , I , S 7 ,  S8, S3, S4, S5, S6,K TYPE)
INTEGRATE GREENS FUNCTIONS FOR STRESSES
COMMON/CPARM/S1, S2,C11 ,C 1 2 , C 2 2 . C 21, P 1 , P 2, Q4, Q2 
COMMQN/XLIMIT/DC( 2 ,  51 ) ,D B (6 ,5 1  ) ,EF
COMPLEX Z 1 , Z2 ,W 1, W2, G B ,S 1 ,S 2 ,C 11  ,C 1 2 , C22 ,C 2 1 , P1 ,P 2 , Q
1 4 , Q2
COMMON/TOP/E3, T 2 ,Y 1 , SMX ,SMY ,G,OONS ,Q ,A 1 ,SCON 
C O M M )N /R 0T/Z9( 1 0 0 0 0 ) ,D (  100 ) ,NALF
COMPLEX Z ,Z B ,Z O ,Z O B ,B ,IB Z ,B 1 ,1 B 1 B ,B 1 B ,D B 1  ,G 5 ,G 6 ,G 7 ,G 8  
COMPLEX C l,G 1 A
COMPLEX G 1 ,G 2 ,G 3 ,G 4 ,H 1 ,H 2 ,W 1 B ,W 2 B  














DB G IV ES  PARAMETERS FOR UPPER AND LOWER GRID BOUNDARIES. 
B 1 = D B (3 ,I)






B2=DB( 4 » I )
C1=DB( 5 , 1 )
C2=DB( 6 ,1 )
XO=REAL(ZO)
Y 2 = Y Y X (X 0 ,C 1 ,C 2 )






SEE Y IN TG  FOR LOGIC FOR INTEGRATION OF NARROW STR IP  THAT 
CONTAINS THE SING ULARITY. THAT S T R IP  IB NEGLECTED HERE
D X = (X U -X L ) / ( 3 .* K )
M=K+1
C I=C M P LX (0 . , 1 . 0 )
DO 7 L= 1, M





X 1 ^ A T /2 .
X 2=L /2
IF (L .E Q  .1 .0 R .L .B 3  .M) 1 6 ,1 8
16 XF= 1
GO TO 17 
18 IF (A B S (X 1 -X 2 ) .L T . .0 0 0 1  )XF=4  
IF (A B S (X 1 -X 2 )  .G T . .0 0 0 1  )XF=2
17 CONTINUE 
IF (K TY P E .E Q  .1 )3 0 ,3 1
30 CONTINUE 
B1=B( Z ,Z 0 )
B1B=B( Z ,ZO B )
D B 1=D B Z(Z ,Z0 )
DB1B=DBZ( Z .ZO B )
G 1 = - 4 * ( Z 0 / ( Z * * 2 -  ZD* * 2 ) + Z 0 B / ( Z * * 2 -  Z 0 B **2 ))  
G1=REAL(G1)
G 1 A = - 4 * ( Z 0 / ( Z * * 2 - Z 0 * * 2 ) - 2 D B / ( Z * * 2 ~  Z 0 B **2 ))  
G1A=REAL(CI*G1A)
G2= 2*Q 1 * Z 0 B / ( Z * * 2 -  Z 0 B **2 )
G2=G2- ( (Z O B fZ B ) /(Z + Z O )* * 2 + (Z O B -Z B ) / ( Z - Z 0 ) * * 2 )  
G3=2*Q 1 * Z 0 / ( Z * * 2 -  Z 0 * * 2 )
G3=G3 - ( (ZO+ZB) / (Z+ ZOB) * * 2 + (  Z O -Z B ) /  (Z -Z O B ) * * 2 )
G5=B 1+B1B 
G 6 = C I* (B 1-B 1B )
G7=( Z B -Z ) *  (DB1+DB1B)
G8=C I *  (Z B -Z ) *  ( DB 1 - DB 1B)
T1S =R E A L(G 1-G 2-G 3)







T2 S = R E A Ii(G lA -C I* ( G2- G 3))
T3S=REAL(Gl4G2-tG3)
T 4 S=RE AL( G1A+ C I *  ( G2- G3))
T5S=AIMAG(G1+G2-KJ3) 
T6S =A IM A G (G 1A t-C I*(G 2-G 3)) 
T 1 1 = (-R E A L (2 *G 5 -G 7 )+ T 1 S )*S C 0 N  
T 2 2 = (-K B A l(2 *G 6 -G 8 )+ T 2 S )*S C 0 N  
T3 3= ( -HE AL £ 2*G 5-tG 7 )+ 1 3 S) *  S CON 
T 44=( -HEAL ( 2*G 64G 8 )+T 4 S) *  S CON 
T55=(AIM A.g£-G7 )+T5S)*SC O N  
T 66= ( A3MAG ( -G 8  )+T 6  S )*  S CON
CHANGE SIGNS OX) ACCOUNT EOR NEGATIVE BONY EORCES
T11=-T11  
T 22 = -T 22  
T33=-T 33  
T 44=-T 44  










G 1 = 2 * (W 1 / (Z 1 * * 2 -¥ 1 * * 2 )+ ¥ 1 B / (Z 1 * * 2 - ¥ 1 B * * 2 ) )  
G 2 = 2 * (¥ 2 / (Z 2 * *  2 -  ¥ 2 * * 2 )+ ¥ 2 B /  (Z 2 * *  2 -¥ 2 B * * 2 ) )  
H 1 = 2 * £ ¥ 1 /£ Z 1 * * 2 -¥ 1 * *  2 ) -¥ 1 B /  £Z 1** 2 - ¥ 1 B * * 2 ) )  
H2= 2 * (  ¥ 2 /  (Z 2 * *  2 -  ¥ 2 * *  2 )  -¥ 2 B /  (Z  2 * *  2 -  ¥2B ** 2 ) )  
T11 = 2 *R E A I(S 1 **  2 *C 1 1*G 1 + S 2** 2*C 21 *G 2) 
T 2 2 = 2 *R E A 1 (C I*  ( S I 45*  2*C 1 2 *H 1 + S 2 ** 2 *C 2 2 *H 2 ))  
T 33 = 2 *R E A I/C  11*G 1+C 21 *G 2 )  
T 4 4 = 2 *R E A l£ c i* (C 1 2 *H l4 C 2 2 *H 2 ))  
T 55=-2*R E A L (S 1*C  11*G 1+S2*C 2 1 *G 2 )  
T 6 6 = -2 *R E A L (C I* (S 1 *C 1 2 *H 1 + S 2 *C 2 2 *H 2 ))
CAICU1ATE STRESSES IN  ORTHOTROPIC SHEET
32 CONTINUE
S7=XE* N X *T 11*N ( l )+ S 7  
S 8=X F *N X *T 22*N ( I+M X )+ S 8  
S 3=X P *D X *T33*B ( I )+ S 3  
S 4=X E *N X *T44*N ( I+M X ) + S4 
S 5 = X E *N M 5 5 *N ( I  )+S5  













COMPLEX PUNCTION D B Z (Z ,Z O )
COMMON/TO P /E 3 ,T 2  ,V1 , SMX,SMY,G,CONS,Q,A1 ,SCON
TH IS PUNCTION IS  THE D E R IV A TIV E  OP B (Z ,Z O ) W ITH RESPECT 
TO Z
COMPLEX ZB,CXSR 
COMPLEX Z ,Z O ,B 1 ,B 2 ,B 3 ,Z O B  
COMPLEX X IZ O ,X IZ O B , X IZ  
ZB=CON JG ( Z)
ZOB=CONJG (ZO )
A=A1
X IZ = C X S R (Z ,A )
XIZO =C XSR(ZO ,A)
XIZOB=CXSR( ZOB, A)
B1 = ( -4 *Q *Z *Z 0 B  / ( Z * * 2 - Z 0 B * * 2 ) * * 2 - 4 * Z * ( 3 * Z 0 * * 2 * Z 0 B + Z * * 2  
1 *Z O B -4 *Z O **3
2 ) / ( ( Z O - Z ) * * 3 * (  Z O + Z ) * * 3 ) ) /2
B 2 = -(  ( Q *X IZO B * ( A * * 2 * Z 0 B * * 2 - 2 * Z * * 4 + A * * 2 * Z * * 2 ) / ( Z 0 B * * 4 - 2  
-|* 2 * *  2 *  ZOB
2 * *  2 + Z * * 4 ) - X I  Z O * ( A * * 2 * Z O * * 2 - 2 * Z * * 4 + A * * 2 * Z * * 2 ) / ( Z O * * 4 - 2 *  
1 Z * * 2 * Z 0 * * 2
2 + Z * * 4 ) )  / ( Z * * 2 - A *  * 2 )+  ( ( Z O * * 2 + Z * Z O -2 * A * * 2 ) / ( Z O - Z ) * * 3 + (  ZO 
1 * *2 -Z *Z O
3 - 2 * A * * 2 ) / (Z O + Z  ) * * 3 + Z * ( ( A * * 2 - Z * Z O ) / ( Z O - Z ) * * 2 - ( Z * Z O + A * * 2  
1 ) / ( Z 0 + Z ) * * 2




SUBROUTINE R ESIG M (Z,S11 ,S22 ,S12 ,KTYPE ,STRESSM,STRESSC )
COMPUTE STRESSES IN  ADHERENDS DUE TO RM O TE STRESSES
COMM9N/TOP/E3 ,T 2  ,V1 ,SMX, SMY,G,CONS,Q ,A1 ,SCON 
DIMENSION STRESSM( 3 )  , ST RES SC (3 )
COMPLEX Z ,C X S R ,P H I,O M E G A B ,D P H I,X K ,Z B ,S I 
IP (EDYPE .EQ . 1 ) 1 , 2  
1 CONTINUE 
ZB=CONJG(Z)
PHI=STRESSM( 2 ) *  (Z /C XSR( Z ,A 1 ) )  / 2  . 25*(STRESSM ( 2 )-S T R E S
1 sr-i ( 1 ) )
OMEGAB=STRESSM(2)* (Z B /C X S R (Z B ,A 1 )) / 2  . + .2 5 * (  STR ES SM (2)- 
1S T R E S 34(1 ))
D P H I= -A 1 **2 /(C X S R ( Z,A1 ) *  ( Z * * 2 - A 1 * * 2 ) ) 
D P H I=D P H I*S TR E S S Y [(2)/2  .
S I =CONJG (CMEGAB) - P H I-Z *  D IH I  
X P H I= 2 *R E A L (P H I)
XX=XP H I+  Z B*DP H I+  S I  
S11 =REAL ( X P H I- ( Z B*DPHI+ S I ) )
S22=REAL(XK)






















COMPLEX FUNCTION G (Z,W )
COMPLEX Z ,Z B ,¥ ,¥ B
z b = o o n j g ( z  )
¥B =00N JG (¥)
G =C L0G (¥-Z ) -CLOG( Z+WB) -CLOG(Z+W )+CL0G( WB-Z)
RETURN
END
COMPLEX FUNCTION H ( Z ,¥ )
COMPLEX Z ,Z B ,¥ ,W B  ,C I
C I= C M P IX (0 .0 ,1  . 0 )
ZB=00NJG( Z )
¥B =00N JG (¥)
H =C LO G (¥-Z )+C LO G (Z+W B )-C LO G (Z+¥)-C LO G (¥B -Z)
H = C I*H
RETURN
END
SUBROUTINE P L A S T IC (S Y IE L D ,G A D 2,S ,B R )
PERFORM INCREMENTAL PLASTIC  ANALYSIS
C0M M 0N /R 0T/Z9( 1 0 0 0 0 ) ,D ( 100 ) ,NALF  
COMMON/ADHES /TA D . GA D 
DIMENSION F ( 1 0 0 ) ,G (  1 0 0 ) ,L ft( 100 ) ,NOP( 100 ) ,N Y IE LD ( 100 ) 
KK=0
COMPUTE Y IE L D  STRESS FOR EACH POINT  




DO 55 1= 1 ,NALF 
F( I  ) = 0 . 0 
F( I+N A LF) = 0 .0  
55 N 0 P ( I )= 0
F C I=99 9999 999 9 9 9 9 .
12 FCC=99 999 9 9 9 9 .
KK=EK+1 
DO 11= 1 ,NALF
IF ( N O P ( l ) .EQ . 1 )G 0 TO 1
ADD LOGIC TO SK IP  ALL YIELDED ELEMENTS








A=D(I )**2+D( I+NALF)**2  
B =2*(F ( I ) * D ( I ) + F ( I+NALF) *D ( I+NALF) )
C=F ( I )  **2+1’ ( I+NALF) * *2 -  SYTELD**2/3. 
TE S T=(-B fS Q R T(B **2-4*A *C ))/(2 .*A )









I F (  SUM.GT .S ) 5 ,6  
IF (F C C .E Q .9 9 99999 9 9 . )G0 TO 18 
N 0P (K ) = 1
n y i e l d ( k k )= k
SAVE STRESS IN  EACH ELEMENT AD Y IELD IN G
DO 8 1 = 1 ,  N 
F ( l ) = F C C * D ( l ) + F ( l )
G( I  )=FCC*D( I )
8 CONTINUE
MODIFY EQUATION SET IOR Y IE LD IN G  OF C R IT IC A L  ELEMENT
I1 = (K -1  )*N + K  
I4=K+NA LF  
I2 = (  1 4 -1  ) * N + I4  
Z9 ( 1 1 )= Z 9 ( 1 1 )+  TAD* ( 1 .  /G A D 2-1 . /GAD ) 
Z 9 ( I2 ) = Z 9 ( I2 ) + T A D * (  1 . /GAD2-1 ./G A D )
USING AN ITER A TIVE METHOD UPDATE ELEMENT STRESSES
CALL GAUSS (DR)
IF (K K .B Q  ,NALF)GO TO 18 
GO TO 12 
5 IF (K K .E Q  . 1 )  13 ,1 4
13 P R IN T  15
SUM=0.






p r i n t  3i,K K ,sm yr
31 F 0 R M A T ( /I1 0 *  ELEMENTS HAVE YIELDED AT * E 1 0 . 3 / )
16 CONTINUE










DO 26 1 = 1 , HALF 
D ( l ) = ( S - S U M ) * D ( l ) + F ( l )
D( I+ N A L F ) = ( S-SUM ) * D ( I+N A LF) + F (  I+ N A L F )
26 CONTINUE 
IF (K K .G T .1 ) 2 5 ,2 9
25 H U N T  27
27 F0RMAT( / *  Y IELD ED  ELEMENTS * / )
IR IN T  28, ( N Y I E L D ( l ) , I = 1 , I K )
28 F0RMAT( 1 2 1 1 0 )
29 CONTINUE 
P R IN T 5 0 ,F C I




GAUSS SEID EL METHOD FOR SOLVING INCREMENTAL 
PLASTIC SOLUTION
DIMENSION DD( 100 ) ,ASAVE(100 )
COMMDN/ADHES/TAD, GAD 
C 0M M 0N /R 0T/Z9( 1 0 0 0 0 ) ,D( 100 ) ,NALF  
E P S =.005  
N= 2*N A IF  
NSQ=N*N 
ITMAX=23  
DO 33 1=1 ,N  
K= (1 -1  ) * N + I  
ASTAR=Z9(K)
ASAVE( I  )=ASTAR 
DO 3 J = 1 ,N  
11= (J -1  ) * N + I  
Z 9 ( I I ) = Z 9 ( I I ) /A S T A R  
3 CONTINUE
D D (I)= D D ( I) /A S T A R  
33 CONTINUE
DO 9 ITER =1 ,ITMAX  
KFLAG= 1 
DO 7 1 = 1 , N 
X S T A R = D (I)
D ( I ) = D D ( I )
DO 5 J=1 ,N  
11= (J -1  ) * N + I  
IF  ( I  .E 3 . J )  GO TO 5 
D ( I ) = D ( I ) - Z 9 ( H ) * D ( J )
5 CONTINUE
IF (A B S (X S T A R -D (l) ) .L E .E P S )G O  TO 7 
KFLAG=0 
7 CONTINUE
I F (  KFLAG.NE . 1 )G0 TO 9 
GO TO 1







PR IN T 204
1 CONTINUE
RECONSTRUCT Z9 M D  DD MATRIX EOR USE ON FUOTTRE 
ELEMENTS THAT H E L D
DO 330 1 = 1 , N 
K= (1 -1  ) * N + I  
ASTAR=ASAYE( I )
DO 30 J=1 ,N 
11= ( J-1  ) * N + I  
Z 9 ( I I  ) = Z 9 ( I I  )*ASTAR 
30 CONTINUE
d d ( i )= d d ( i  ) * a s ta .r
330 CONTINUE
204 FORMAT ( / *  CAUTION THE GAUSS SEIDEL D ID  NOT CONVERGE*/) 
RETURN 
END
FUNCTION Y Y X (X ,B ,A )
COMMON/BOND/F,P1 ,P 2 ,X K F  ,XKUNS,XKSTIEF
IF (X .E Q .O )G O  TO 4
I F ( X / A . f f i . l ) l , 2








FUNCTION Y Y D (X ,B ,A  ,P )
IF (X /A .G E ,1  ) 1 , 2






Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
LIST OF REFERENCES
Ames, W. F ., Numerical Methods for Partia l D iffe ren tia l Equations,
(New York: Barnes and Nobel, 1971) pp. 15-23.
Armen, H ., J r . ,  Pifko, A., and Levine, H. S ., "Finite  Element
Analysis of Structures in the Plastic Range," NASA CR-1649,
1971.
B lich fe ld t, R., and McCarty, J. E . , "Analytical and Experimental
Investigation of A irc ra ft  Metal Structures Reinforced with 
Filamentary Composites," NASA CR-2039, 1972.
Burlington, R. S .,  Handbook of Mathematical Tables and Formulas,
(New York: McGraw H i l l ,  1973) p. 89.
Calcote, L. R ., The Analysis of Laminate Composite Structures,
(New YorYi Van Nostrand Reinhold, 1969) pp. 115-123.
DenHartog, J. P ., Advanced Strength of M aterials, (New York: McGraw
H i l l ,  1952) p. 252.
Dennemeyer, R ., Introduction to Partia l D ifferentia l Equations and 
Boundary Value Problems, (New York: McGraw H i l l , 1968)
pp. 133-136.
Durchlaub, E. C ., and Freeman, R. B., "Design Data for Composite 
Structure S afe life  Prediction," AFML TR-73-225, 1974.
E l l is ,  J. R., "The Demonstration of Advanced M etallic  Technology in 
Primary Wing Structures," AIAA 76-908, 1976.
Erodogan, F . , "Crack Propagation Theories," in Fracture V I I  5:497-590 
Liebowitz, H ED. (New York: Academic Press, 1968)
Erdogan, F . , and Arin, K ., "A Sandwich Plate with a Part-Through and 
Debonding Crack," Engineering Fracture Mechanics Vol. 4,
1972.
Figge, I .  E . , and Newman, J. C., "Fatigue Crack Propagation in
Structures with Simulated Rivet Forces," Fatigue Crack Propaga­
t io n , ASTM STP 415, Am. Soc. Testing Mats., 1967, p. 71.
Forman, R. G ., Kearney, V. E., and Engle, R. M., "Numerical Analysis 
of Crack Propagation in Cyclic-Loaded Structures," Trans 
ASME, Ser. D .: J. Basic Eng, Vol. 89, No. 3, 1967, pp. 459-
464.
224
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
225
Foye, R. L . ,  and Baker, D. J . ,  "Design of Orthotropic Laminates," 
AIAA/ASME 11th Conf. Structures, Structural Dynamics and 
Materials, 1970.
G r i f f i th ,  A. A ., (1921) Phil. Trans. Roy. Soc., London,
Ser. A 221,163.
Halpin, J. C ., Waddoups, M. E .,  and Johnson, T. A ., "Kinetic Fracture 
Models and Structural R e l ia b i l i ty ,"  In t .  J. Fracture Mechanics, 
Vol. 8 , pp. 465-468, 1972.
H a rv il l ,  W. E ., Kays, A .,  Young, E. C ., and McGee, W. M., "Program for  
Establishing Long-Time Flight Service Performance of Composite 
Materials in the Center Wing Structure of C-130 A irc ra ft ,"
NASA CR-112126, 1973.
Hardrath, H. F . ,  "Vehicle Technology fo r  C iv il Aviation the Seventies 
and Beyond," NASA SP-292, 1971.
Hildebrand, F. B., Advanced Calculus for Engineers, (Englewood 
C l i f f s ,  NJ: Prentice-Hall, 1957) pp. 532-533.
H i l l ,  R., The Mathematical Theory of P la s t ic i ty , (London: Oxford
University Press, 1960) p. 26.
Hoffman, D. J . ,  and June, R. R., "Debonding of Adhesive Joints:
Summary Report," NASA CR-2207, 1973.
Hudson, C. M., "Effect of Stress Ratio of Fatigue Crack Growth in
7075-T6 and 2024-T3 Aluminum Alloy Specimens," NASA TN-D-5390, 
1961,
Hughes, E. J . ,  and Rutherford, J. L . ,  "Study of Micromechanical
Properties of Adhesive Bonded Joints," Technical Report 3744, 
1968.
Irwin, G. R ., "Analysis of Stresses and Strains Near the End of a 
Crack Transversing a P late," J. Appl. Mech., Vol. 24, 1957.
Johnson, W. S ., and Stratton, J. M ., "Effective Remote Stresses and 
Stress Intensity Factors fo r  an Adhesive Bonded Multiply  
Laminates," Eng. Fracture Mechanics, Vol. 9, 1977.
Kula, E. B ., A nc til ,  A. A ., and Johnson, H. H., "Fatigue Crack Growth 
in Dual Hardness Steel Armor," ASTM STP 569, 1975.
Lekhnitskii, S. G., Anisotropic P lates, (New York: Gordon and Breach,
1968, 2nd Ed.) pp. 19-54, 130-134.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
226
Lowndes, H. B., J r . ,  and M i l le r ,  W. B ., "The U. S, A ir  Force Weapon 
Systems Fatigue C ertif ica tion  Program," Proceedings of the 
4th Symposium of the International Committee on 
Aeronautical Fatigue, 1965.
MACSYMA Reference Manual Version Eight, Mathlab Group, MIT, Cambridge, 
Massachusetts, 1975.
McCracken, D. D., and Dorn, W. S .,  Numerical Methods and Fortran 
Programming. (New York: Wiley, 1968) p. 261.
McLaughlin, P. V ., J r . ,  Kulkarni, S. V ., Huang, S. N ., and Rosen, B. W. 
"Fatigue of Notched Fiber Composite Laminates, Part I :  
Analytical Model" NASA CR-132747, 1975.
McMaster, R. C ., "Nondestructive Testing Handbook," Vol. I I  (New York: 
Ronald Press Company, 1963) p. 43.35.
M il ita ry  Specification MIL-A-83444 Airplane Damage Tolerance Require­
ments, 1974.
Mostovoy, S ., Crosley, P. B ., and Ripling, J. E ,, "Use of Crack- 
Line-Loaded Specimens for Measuring Plane-Strain Fracture 
Toughness," ASTM STP 490, 1967.
Mostovoy, S .,  and Ripling, E. J . ,  "Fracture Toughness of an Epoxy 
System," J. Appl. Polymer Science, Vol. 10, pp. 1351-1371,
1966.
Muskhelishvili, N. I . ,  Some Basic Problems of the Mathematical
Theory of E la s t ic i ty , 2nd English Ed. (Netherlands: Noordhoff, 
1975) passim.
Paris, P. C ,, Gomez, M. P ., and Anderson, W. E ., "A Rational Analytic 
Theory of Fatigue," The Trend in Engineering, Vol. 13,
No. 1, 1961.
Ratwani, M. M., "Characterization of Crack Growth in Bonded Structures, 
Vol. I and I I ,  AFFDL-TR-77-31, 1977.
Reifsnider, K. L , ,  "Fatigue of Composite Materials," NATO AGARD Report 
No. 638, 1976.
Reifsnider, K. L . ,  Stinchcoinb, W. W., Williams, R. S ., and Turgay, H. M 
"Influence of Cycle Frequency on Composite Fatigue R e l ia b i l i ty ,  
AF0SR-TR-74-1201, 1974.
Renton, W. J . ,  and Vinson, J. R ., "The Analysis and Design of Composite 
Material Bonded Joints Under S tatic  and Fatigue Loadings,"
AFSOR TR-73-0494, 1973.
Rich, M. J , ,  and Wegle, R. T . ,  Design, Analysis, and Test of a Boron/ 
Epoxy Reinforced Airframe, AIAA No. 72-392, 1972.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
I l l
Ripling, E. J . ,  Mostovoy, S ., and Patrick, R. L .,  "Adhesion-1963,"
ASTM STP 360, 1964.
Roderick, G. L . , Everett, R. A ., and Crews, J. H ., J r . ,  "Debond 
Propagation in Composite Reinforced Metals," ASTM 569, 
pp. 295-306.
Roderick, G. L . ,  Everett, R. A ., and Crews, J. H ., J r . ,  "Cyclic 
Debonding of Unidirectional Composite Bonded to Aluminum 
Sheet for Constant Amplitude Loading," NASA TN D-8126,
1976.
Roderick, G. L ., and Whitcomb, J. D ., "Fatigue Damage of Notched 
Boron/Epoxy Laminates Under Constant Amplitude Loading,"
ASTM STP 636, pp. 73-88, 1977.
Salkind, M. J . ,  "Fatigue of Composites," ASTM STP 497, pp. 143-169,
1973.
Sanders, J. L . ,  J r . ,  Journal of App. Mech, 27,352, 1960.
Shockey, P. D., Anderson, J. D ., and Hofer, K. E . , "Structural A ir­
frame Applications of Advanced Composite Materials,"
Vol. V ., AFML-TR-69-101, 1970.
Sih, G. C ., and Liebowitz, H ., "Mathematical Theories of B r i t t le  
Fracture," in Fracture Vol. I I , Liebowitz ed., 1968.
Timoshenko, S. P ., and Goodier, J. N., Theory of E la s t ic i ty ,
(New York: McGraw-Hill, 1951) p. 119.
Timoshenko, S. P ., and Gere, J. M., Theory of Elastic S ta b il i ty  
(New York: McGraw-Hill, 1961) pp. 1-3.
Volkerson, 0 . ,  "Die N ietraftverte llung in zugbeanspruchten Nieverbind- 
ungen mit konstaten Laschenquerschnitten," Luftfahrtforschung, 
Vol. 15, 1938, pp. 41-47.
Wang, S. S .,  and Mandel, J. F . ,  and McGarry, F. J . ,  "Fracture of
Adhesive Joints," MIT Research Report R76-1, Dept, of Materials 
Science and Eng., 1976.
Wylie, C. R ., J r . ,  Advanced Engineering Mathematics, (New York: 
(McGraw-Hill, 1966), p. 188.
Yang, J. N., and Liu, M. D ., "Residual Strength Degradation Model and 
Theory of Periodic Proof Tests fo r Graphite/Epoxy Laminates," 
Jor. Comp. Mat., Vol. I I ,  April 1977.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
228
Yoder, G. R ., and G r i f f is ,  G. A., "J Integral and the In i t ia t io n  of 
Crack Extension in a Titanium Alloy," NRL Report 7662, 
February 1974.
Zienkiewicz, 0. C., The Finite  Element Method in Engineering Science, 
(London: McGraw-Hill, 1971) pp. 435-471.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
BIOGRAPHY
The author was born on April 2, 1945, in Oakland, California.
He graduated from Rhidelander Union High School in Rhinelander, 
Wisconsin, in 1963. In 1967 he graduated from Northrop In s titu te  of 
Technology in Inglewood, C aliforn ia , with a Bachelor of Science in 
Aeronautical and Astronautical Engineering. He then took a position 
with Northrop A irc ra ft  Corporation in Hawthorne, C aliforn ia , as a 
stress analyst, He was responsible for the structural in teg rity  of 
structural components on the Boeing 747, the A-9A prototype ground 
support f ig h te r ,  and the F-5 f ig h ter  bomber. While employed at 
Northrop Corporation, he completed (1970) a Master of Science in 
Aerospace Engineering at the University of Southern California in 
Los Angeles, California.
In November of 1971 he moved to Hampton, V irg in ia , to take a 
position with the U. S, Army A ir Mobility Research and Development 
Laboratory, He was assigned to work in the NASA at Langley Research 
Center on fatigue and fracture of advanced composite materials. During 
his assignment he has published the following a r tic les :
Roderick, G. L .,  Everett, R. A ., and Crews, H. J . ,  J r . ,  "Debond 
Propagation in Composite-Reinforced Metals," Fatigue of 
Composite Materials; ASTM STP 569, American Society fo r  Testing 
and Materials, 1975, pp, 295-306.
229
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Roderick, 6. L ., and Whitcomb, J. D., "X-Ray Method Shows 
Fibers Fail During Fatigue of Boron-Epoxy Laminates,"
J. Composite Materials, Vol. 9 (October 1975), p. 391.
Roderick, G. L . ,  Everett, R, A ., and Crews, J. H . , J r . ,
"Cyclic Debonding of Unidirectional Composite Bonded to Aluminum 
Sheet for Constant-Amplitude Loading," NASA TN D-8126,
January 1976.
Roderick, G. L . ,  and Whitcomb, J. D., "Fatigue Damage of 
Notched Boron/Epoxy Laminates Under Constant-Amplitude Loading, 
"Fatigue of Filamentary Composite Materials," ASTM STP 636, 
American Society fo r Testing and Materials, 1977, pp. 73-88.
Sun, C. T . ,  and Roderick, G, L . ,  "Improvement of Fatigue L ife  
of Boron/Epoxy Laminates by Heat Treatment Under Lead,"
Fatigue of Filamentary Composite Materials, ASTM STP 636, 
American Society for Testing and Materials, 1966, pp. 89-103.
In addition, he has presented 15 technical talks including a lecture  
to the faculty and students of the U. S. Army M il i ta ry  Academy
at West Point, New York,
The author was married to Mary Clayton of Smithfield, V irg in ia ,  
on August 6, 1977.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
